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Introduction
In the last decades, a cosmological model that fits observations through a vast range of
scales emerged. It goes under the name of ΛCDM. At the current state of the art, the six
free parameters of ΛCDM are known [1], but there are challenging problems still open, in
particular the cause of the observed accelerated expansion of the universe. The simplest
explanation is a cosmological constant Λ, but this is not technically natural in quantum
field theory, from the point of view of the stability under radiative corrections. Many
alternative models have been proposed, where the accelerated expansion is induced by
a dynamical field or by a modification of General Relativity (GR). They are generally
referred to as “Dark Energy”. Independently on any theoretical prejudice, the crucial
point is that these alternatives to ΛCDM are testable and it is thus worthwhile to
study them. A very promising way to perform these tests is to consider cosmological
perturbations. In ΛCDM, the growth of perturbations is fixed by the value of the
cosmological constant. Alternatives to it instead generally come with extra degrees of
freedom that give different dynamics. Hence, here is where any deviation from ΛCDM
can become manifest. Crucially, our knowledge about the growth of inhomogeneities
that generate the large scale structure we observe today can still be improved. This
is the goal of a number of missions planned for the next decade (such as EUCLID [2]
and LSST [3]), that will be able to push current constraints on the growth of structures
down by one or two orders of magnitude. This will enable us to actually falsify many
models and to shed light on the nature of the acceleration of the universe.
This effort in constraining deviations from ΛCDM should be supported by an appropriate
theoretical insight. On the one hand, one should look for a simple, general and effective
way to bridge theory and observations. On the other, we would like to keep control
on the viability of the theory and on its agreement with basic principles of physics
(such as causality and locality) when exploring the parameter space to fit data. These
thesis presents an approach that relies on these two cornerstones. It is called Effective
Theory of Dark Energy [4–10], and amounts to the description of linear cosmological
perturbations through all the operators compatible with symmetries in theories where
a single scalar degree of freedom is added on top of the usual two helicity-two modes of
GR, referred to as “scalar-tensor theories”.
In Chapter 1 I will summarise what is currently the most general class of viable scalar-
tensor theories. One of the sufficient conditions for a theory to be stable is that the
equations of motion (EOM) contain at most two derivatives of the fields. What has
been for a long time considered the most general viable class of scalar-tensor theories,
known as Horndeski theories [11], relies on this condition. I will explain that however
this is not a necessary condition, and Horndeski theories can be extended to more general
classes introducing the notion of degeneracy, i.e. requiring the existence of constraints
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in the equations of motion. An example is the case of theories known as “beyond-
Horndeski” [12, 13], that I will discuss. These paved the way for the discovery of larger
classes of theories, known as Degenerate Higher Order Scalar-Tensor (DHOST) [14], or
Extended Scalar-Tensor (EST) [15] theories. In the rest of the thesis, I will develop an
effective description of linear cosmological perturbations in this class of theories.
In Chapter 2 I will introduce the the Effective Theory of Dark Energy. I will first
resume the formalism and show how to construct a very general action for linear cos-
mological perturbations. Although so far I only mentioned scalar-tensor theories, when
dealing with the late universe the presence of matter is of course relevant. This opens
the possibility to envisage different interactions between the matter fields and the other
sectors. Part of my work has been devoted to include in the effective treatment very
general couplings between matter, the metric and the scalar field, which I will illustrate
in Chapter 3. These include also the possibility that different species couple differently
to gravity.
A key advantage of the formulation through an action is that we can thoroughly analyse
the stability conditions of the theory. I will discuss this aspect in detail in Chapter 4,
focussing on the dispersion relations for the propagating scalar modes, underlying the
impact that the presence of matter can have and some subtleties arising in the case of
DHOST theories. I will show that the formulation in terms of the effective description
and the stability analysis allow to substantially reduce the very large number of inde-
pendent DHOST theories to a few classes that are observationally viable, and that such
classes are equivalent to Horndeski and “beyond-Horndeski” theories, up to non trivial
couplings between matter and the gravitational sector.
Besides developing a solid theoretical understanding of the effective description, a goal
of this thesis is also to start investigating the signatures of deviations from ΛCDM on
observables. This is the subject of the last two Chapters. In Chapter 5 I will consider
the possibility of an interaction in the “dark sector”, i.e. between dark matter and
the dark energy. I will provide an analytical understanding of the effects and analyse
the constraining power that future experiments will have on the free parameters of the
effective description. To solve the equations, I will resort to the so-called “quasi-static
limit” valid for Fourier modes that are well inside the sound horizon of dark energy,
These are the relevant modes for Large Scale Structure experiments. In Chapter 6 I will
go beyond this assumption and use a Boltzmann code which implements scalar-tensor
theories in the effective theory formalism. I will focus on the peculiar observational
effects that arise in theories “beyond-Horndeski”, showing that in this case a frame-
independent kinetic mixing between matter and the scalar field arises. I will illustrate
and quantify its peculiar effect, namely the weakening of gravity at scales relevant for
redshift surveys.
I chose not to include too lengthy calculations in the main text. I rather recall the
formulae I need for the discussion, and what I think are the most interesting results,
focusing on their physical meaning and their potential impact. The papers I published
on the topics I present in the thesis contain the technical details and are included as
appendices. I indicate in the text where to find the calculations the reader might be
interested in.
Chapter 1
A general formulation of
scalar-tensor theories
1.1 Scalar fields and higher derivatives in cosmology
This thesis focuses on scalar-tensor theories, i.e. theories where a single scalar degree
of freedom is added to GR. These represent the simplest way to try to explain the
observed acceleration of the universe with a dynamical field. For this reason, they are
widely studied in the context of late time cosmology.
In the last years, an intense activity has been devoted to find more and more general
extensions of scalar-tensor theories. In particular, a way to go beyond the most studied
ones is to allow derivatives higher than second in the Lagrangian. However, special care
must be taken when considering this possibility.
Indeed, in presence of more than two derivatives, the fact that one introduces only one
scalar field in the Lagrangian is not enough to ensure that the theory will contain a
single propagating mode. One degree of freedom is characterised by two initial condi-
tions needed to solve the equations of motion. On the other hand, in the presence of
derivatives higher than second, extra initial conditions should be provided. This means
that additional propagating degrees of freedom appear. Moreover, these modes are usu-
ally associated with instabilities in the system, and the presence of higher derivatives
is severely restricted by a powerful theorem that dates back to the work by Ostrograd-
sky [16]. Due to this theorem, for a long time the requirement of having second order
equations of motion was not questioned. Only recently it was realised that stability can
be achieved even in theories with equations of motion of order higher than second by
considering “degenerate” theories, i.e. theories where constraints among the canonical
variables are present so that the number of propagating degrees of freedom is reduced
and the dangerous modes eliminated.
In this work I will discuss the most general class of theories obtained in this way. This
encompasses all the most studied theories such as quintessence [17, 18], k-essence [19, 20],
f(R) [21, 22], Horndeski [11]-Generalised Galileons [23] and their extensions known as
“beyond Horndeski” [12].
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1.2 Horndeski theories
To begin with, I recall the most general theories with second-order dynamics both for
the scalar field and the metric, and generalise them later. The most general scalar-tensor
theory that obeys this requirement dates back to Horndeski’s work [11]. The key idea
is that one can admit higher derivatives in the Lagrangian, provided that its variation
gives only second order EOM both for the scalar field and for the metric. The most
general Lagrangian satisfying the above property amounts to the four terms
LH2 ≡ G2(φ,X) , LH3 ≡ G3(φ,X)φ ,
LH4 ≡ G4(φ,X) (4)R− 2G4,X(φ,X)(φ2 − φµνφµν) ,
LH5 ≡ G5(φ,X) (4)Gµνφµν +
1
3
G5,X(φ,X)(φ3 − 3φφµνφµν + 2φµνφµσφνσ) .
(1.1)
In the above action, I introduced the notations
φµ ≡ ∇µφ , X ≡ gµνφµφν , φµν ≡ ∇ν∇µφ , φ ≡ gµν∇µ∇νφ . (1.2)
The idea at the base of the Horndeski Lagrangians is to find an antisymmetric structure
of the coefficients such that the terms with more than two derivatives cancel from the
EOM.
This is clear if one considers first the case of flat space. This was studied in Ref. [24].
On Minkowski space, the only dynamical degree of freedom is the scalar. Its action is
assumed to have the symmetry
φµ 7→ φµ + cµ , cµ = const. , (1.3)
which can be seen as a generalisation of the Galilean invariance. Hence the theory is
called Galileon theory. The most general theory with the above symmetry that gives
second-order equations of motion has been shown to consist of the Lagrangians
Lgal2 = −
1
2
(∂φ)2 , Lgal3 = −
1
2
(∂φ)2φ,
Lgal4 = −
1
2
(∂φ)2
[
(φ)2 − (∂µ∂νφ)2
]
,
Lgal5 = −
1
4
(∂φ)2
[
(φ)3 − 3φ(∂µ∂νφ)2 + 2(∂µ∂νφ)3
]
,
(1.4)
where I did not use the notation (1.2) to stress that in the above action a flat metric ηµν
is used, and all derivatives are partial derivatives. In particular, φ = ηµν∂µ∂νφ. One
can easily prove that the variation of each component contains only second derivatives.
The theory above is very instructive to identify the correct structure of the Lagrangian,
and one can already notice that this structure reflects the one of the terms of the
Horndeski Lagrangians. To go further, one can try to formulate the Galileon theory in
a fully covariant form. If we “covariantise” the Galileon Lagrangians by replacing the
partial derivatives with covariant derivatives associated to the metric gµν , however, the
EOM contain derivatives of the metric of order higher than second [23, 25, 26]. To avoid
this, it is necessary to introduce some “gravitational counterterms”, or non-minimal
gravitational couplings to φ, in the covariant completion of L4 and L5. One can show
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that the couterterms are
L4 ∈ 1
8
X2 (4)R , L5 ∈ −3
8
X2 (4)Gµνφ
µν . (1.5)
As a final generalisation, one can promote the coefficients (∂φ)2 of the Galileon La-
grangians (1.4) (which become X in the covariant version) to functions of φ and X,
provided that the tuning of the gravitational counterterms is preserved. The Lagrangian
obtained this way is exactly the Horndeski Lagrangian (1.1) [25]. In particular, the “re-
discovery” of Horndeski’s result that I just sketched gives an idea of why the structure
of the quartic and quintic part should be as in (1.1). It also explains the origin of the
tuning between the coefficient of the Ricci scalar and the higher derivative terms for
φ in LH4 , and the same for L
H
5 . Any other Lagrangian satisfying the requirement of
giving second-order EOM both for the metric and the scalar can be reduced to (1.1) by
integration by parts.
1.3 Theories “beyond Horndeski”
The condition of second-order equations of motion is indeed a sufficient condition, but
one can ask whether it is necessary. In other words, one can wonder whether higher
order derivatives can be introduced in the equations of motion maintaining at the same
time the correct number of initial conditions needed to solve the system. We can have
an intuition of why this could be the case by considering an example where a healthy
higher-order theory is built from a second-order one [10, 27, 28]. Suppose we start with
a simple theory belonging to the Horndeski class (1.1), i.e. the Einstein-Hilbert action
plus an action Sφ for the scalar field which I assume to yield second-order equations of
motion. I denote with g˜µν the metric that describes the gravitational and scalar field
sector. I then add to that a matter Lagrangian constructed with a metric that depends
also on the scalar field gradient, which I call gµν :
S =
M2Pl
2
∫
d4x
√
−g˜ (4)R˜+ Sφ [g˜µν , φ] + Sm [gµν ,Ψ] , gµν = C(X)g˜µν . (1.6)
where Ψ denotes the matter fields. One can rewrite the action in terms of the metric
gµν to which matter couples:
S =
M2Pl
2
∫
d4x
√−g
(
C−1(4)R+
3
2C3
∂µC ∂
µC
)
+ Sφ
[
C−1gµν , φ
]
+ Sm [gµν ,Ψ]
=
M2Pl
2
∫
d4x
√−g
(
C−1(4)R+ 6C2X φ
µφµρφ
ρνφν
)
+ Sφ
[
C−1gµν , φ
]
+ Sm [gµν ,Ψ] .
(1.7)
The above Lagrangian does not belong to the Horndeski class (1.1). The EOM obtained
by the variation of the action with respect to the scalar field contain derivatives of the
latter up to fourth order [27, 29]. They read
∇µ
[
φµC−3/2CX
(
C−1/2(4)R− 6C−1/2
)]
=
δLφ
δφ
. (1.8)
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However, it was shown in [27] that the higher derivative terms can be eliminated by
taking the trace of the metric equations:(
C−1/2(4)R− 6C−1/2
)(
C−1/2 +XC−3/2CX
)
=
2
M2Pl
T, (1.9)
where T = gµν
(
T φµν + Tmµν
)
. The above equation allows to eliminate the higher-derivative
terms from (1.8) by introducing a “mixing term” with the energy-momentum tensor [30].
Explicitly, (1.8) becomes
∇µ (φµ TK) = −1
2
δLφ
δφ
, TK ≡ − C
−3/2CX
M2Pl
(
C−1/2 +XC−3/2CX
)T (1.10)
This way, it is evident that the scalar field equations actually require only two initial
conditions to be solved (provided that δL/δφ and ∇µT do, which I assume is the case).
This is an example of a theory that has only one propagating scalar degree of freedom
even if formally it does not fit into the Horndeski Lagrangians (1.1). The reason relies
on the fact that a hidden constraint equation is present in the system due to the form
of the transformation (1.6).
Along this line of reasoning, it was realised that the Horndeski class of theories (1.1)
can be extended including the two Lagrangians [12, 13]
LbH4 ≡ F4(φ,X)µνρσ µ
′ν′ρ′σφµφµ′φνν′φρρ′ , (1.11)
LbH5 ≡ F5(φ,X)µνρσµ
′ν′ρ′σ′φµφµ′φνν′φρρ′φσσ′ , (1.12)
Remarkably, if we “naively” covariantise the quartic and quintic Galileon Lagrangians
promoting partial derivatives to covariant derivatives, the resulting Lagrangians belong
to the “beyond Horndeski” class, i.e. they are of the form (1.11)-(1.12). In curved space,
the EOM for the metric contain third order derivatives of the scalar field while the EOM
for the scalar field contain third order derivatives of the metric. In flat space, the scalar
field dynamics reduces to second order. In curved space it can be shown that the number
of propagating scalar degrees of freedom is also one. To do so, an argument similar to
the simple example I discussed above applies to the beyond-Horndeski theories. One
can start from a theory containing only LbH4 and find a transformation of the form
g˜µν = gµν +D(φ,X)φµφν (1.13)
such that in the final frame the system can be reduced to a second order one. The same
can be done starting from LbH5 alone, even though when both L
bH
4 and L
bH
5 are present
such a transformation cannot be found. Nevertheless, the counting of the propagat-
ing degrees of freedom in these theories have been confirmed basing on a hamiltonian
analysis.
In the rest of the thesis, I will refer to the theories introduced in this section as beyond
Horndeski theories. This choice simply adapts to the name most used in the literature
(other names are GLPV or G3).
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1.4 Degenerate Higher-Order Scalar-Tensor theories
One can ask if theories even more general than the extensions presented above exist. The
use of transformations to different frames to find “hidden constraints” suggests that one
can allow for higher derivatives provided that there exists a way to reduce the number of
initial conditions of the system to only two in the scalar sector. To do so in a systematic
way, one should recall Ostrogradsky’s theorem for higher-derivative Lagrangians.
1.4.1 Ostrogradsky’s theorem
Ostrogradsky’s result can be formulated in a very simple statement: the Hamiltonian
constructed from non-degenerate Lagrangians that depend upon more than one time
derivative necessarily develops an instability. Let me show this, and clarify the notion
of degeneracy, considering a higher-order Lagrangian for the classical canonical variable
φ(t) [31, 32],
L = a
2
φ¨2 +
m
2
φ˙2 − mω
2
2
φ2 . (1.14)
It is easy to show that the Hamiltonian is linear in the conjugate momentum Pφ ≡
∂L/∂φ˙. We can just promote the “velocity” φ˙ to a new canonical variable Q = φ˙. With
the aid of a Lagrange multiplier, we have the equivalent Lagrangian
L = 1
2
aQ˙2 +
1
2
mQ2 − mω
2
2
φ2 − λ
(
Q− φ˙
)
. (1.15)
The conjugate momenta are
Pφ =
∂L
∂φ˙
= λ , P =
∂L
∂Q˙
= aQ˙ , (1.16)
and, inverting the above relations, we can write the Hamiltonian
H = PφQ+ 1
2a
P 2 − m
2
Q2 +
mω2
2
φ2 . (1.17)
Already at the classical level, this Hamiltonian reveals instabilities in the system. Indeed,
the presence of the term linear in Pφ makes it unbounded from below, so there exists
an open direction in the phase space leading to states with negative energies. In the
case of the system (1.14), this can be seen explicitly. Following [32], we can write the
Euler-Lagrange equations obtained from 1.14 and their solution in the form:
a
m
....
φ + φ¨+ ω2φ = 0 ,
φ(t) = C+ cos(k+t) + S+ sin(k+t) + C− cos(k−t) + S− sin(k−t) ,
(1.18)
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where
k± = ω
[
1±√1 + 4
2
]1/2
,  ≡ ω
2a
m
,
C+ =
k2−φ0+φ¨0
k2−−k2+
, S+ =
k2−φ˙0+
...
φ 0
k+(k2−−k2+)
,
C− =
k2+φ0+φ¨0
k2+−k2−
, S− =
k2+φ˙0+
...
φ 0
k−(k2+−k2−)
,
(1.19)
and φ0, φ˙0, φ¨0,
...
φ 0 are the initial data. One can recast the Hamiltonian (1.17) in terms
of the above constants, and gets
H = m
2
√
1+4 k2+(C
2
++S
2
+)−
m
2
√
1+4 k2−(C
2
−+S
2
−) . (1.20)
In this form, one can see explicitly that the mode k− has negative energy. Moreover,
the fact that the positive and negative energy modes originate from the same higher
derivative dynamical variable implies they are necessarily coupled. The presence of such
a mode allows states with arbitrarily high energies to be excited. To conserve the total
energy, it is sufficient to excite other states with the same amplitude and opposite sign.
The propagating mode with negative energy that is present in the system is called the
Ostrogradsky ghost.
The only crucial assumption to arrive at these results is that we could invert the second
equation (1.16), i.e. we were able to express the highest time derivatives in terms of
canonical variables. This is the meaning of non-degeneracy. In this case, this amounts
to require that
∂L
∂φ¨
6= 0 , (1.21)
which is to say that the higher-order term cannot be eliminated through integration by
parts. For the case of a single variable, it is clear that the above argument is actually
a no-go theorem for higher derivatives, since assuming a degenerate theory amounts to
reduce to the standard case a = 0.
1.4.2 Eliminating the Ostrogradsky instability
In order to avoid the presence of the Ostrogradsky ghost in a non-trivial way, one must
relax the assumptions of the theorem. In particular, this means to consider a degenerate
theory with multiple fields. In modified gravity, we can have a situation where a higher-
derivative Lagrangian for the additional scalar field is coupled to the scalar degrees of
freedom of the metric. In the toy-model above, we can couple the higher derivative
Lagrangian to n regular canonical variables qi(t) [14], (i = 1, ..., n). Keeping only the
terms with two or more derivatives, we can write
L = 1
2
aφ¨2 +
m
2
φ˙2 +
1
2
kij q˙
iq˙j + bi φ¨q˙
i . (1.22)
Note that the “interaction” term proportional to bi generates third order equations of
motions while the term proportional to a gives fourth order equations. Reducing again
to a second order system with the canonical variable Q = φ˙, we can reformulate the
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theory as
L =
1
2
a Q˙2 +
1
2
kij q˙
iq˙j + biQ˙q˙
i +
m
2
Q2 − λ(Q− φ˙) , (1.23)
The inversion of the relation between the canonical variables and their conjugate mo-
menta amounts to the inversion of the kinetic matrix, i.e. the symmetric matrix M
describing the part of the Lagrangian quadratic in time derivatives:
M =
(
a bj
bi kij
)
. (1.24)
To avoid the presence of the Ostrogradsky ghost we require that this matrix is non-
invertible. This is called the degeneracy condition, and can be formulated as:
det(M) = det(k)
(
a− bibj(k−1)ij
)
= 0 ⇒ a− bi bj (k−1)ij = 0 . (1.25)
where I assumed det(k) 6= 0. Imposing the above condition, one can find a null eigen-
mode that satisfies a constraint equation and reduce the system to a second order one.
Three cases are possible:
1. A trivial degeneracy is present: the kinetic matrix has a row and column of zeros.
This corresponds to have a = bi = 0, i.e. a canonical case with second order
equations of motion.
2. The degeneracy comes only from the coupling term: this corresponds to a = 0 but
bi 6= 0. The corresponding theory has third order equations of motion.
3. Both a and bi are non vanishing and the degeneracy comes from an interplay
between the coupling terms, the higher derivative term and the healthy sector.
Noticeably, we will see that when generalised to the scalar-tensor theories, the first two
cases are analogous to the Horndeski and beyond-Horndeski theories introduced above.
The example presented above and introduced in [14] can be made rigorous by a hamil-
tonian analysis that actually shows how the degeneracy is associated to the presence of
a primary constraint in the theory, that eliminates the Ostrogradsky ghost [14, 15, 33–
35]. In the next section I will introduce the Lagrangians obtained by this method in the
context of scalar-tensor theories of gravity.
1.4.3 DHOST theories
In this section I will show how the ideas presented in the toy models above have been
applied to the case of scalar-tensor theories of gravity. I will follow the discussion of
Ref. [14].
The first step is to write a general action that includes higher-order derivatives for the
scalar field. I will consider the case where the Lagrangian can depend quadratically
on second order derivatives of the scalar field, φµν (the discussion of the case with
Lagrangians cubic in φµν is considerably more involved but conceptually equivalent. It
can be found in [36]). The most general action can be written as
S[g, φ] =
∫
d4x
√−g
[
P (X,φ) +Q(X,φ)φ+ f2(X,φ) (4)R+ Cµνρσ(2) φµν φρσ
]
. (1.26)
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Figure 1.1: Basic geometrical quantities in a 3+1 decomposition.
The tensor C(2) is the most general tensor constructed from the metric gµν and the first
derivative of the scalar field φµ. I included for completeness the terms in P (X,φ) and
Q(X,φ), even if these do not contribute to the degeneracy of the Lagrangian1. The
quadratic terms can be decomposed into the sum of five elementary Lagrangians,
Cµνρσ(2) φµν φρσ =
5∑
A=1
aA(X,φ)L
(2)
A , (1.27)
with
L
(2)
1 = φµνφ
µν , L
(2)
2 = (φ)2 , L
(2)
3 = (φ)φµφµνφν ,
L
(2)
4 = φ
µφµρφ
ρνφν , L
(2)
5 = (φ
µφµνφ
ν)2 .
(1.28)
The Ostrogradsky ghost is eliminated choosing the functions aA in the expression (1.27)
so that the corresponding theory is degenerate. As for the toy model of Sec. 1.4.2, this
is done writing the kinetic matrix for the system and imposing that its determinant
vanishes. This requires to separate space and time derivatives in the action. To do so
in a very general way, it is convenient to use a 3+1 decomposition of spacetime, that I
am going to introduce in the next subsection.
1.4.3.1 3+1 decomposition
Consider a scalar function t such that t =const. defines a family of non-intersecting
spacelike hypersurfaces Σt. This is called a foliation of spacetime. So far, t is completely
arbitrary. We can define the following quantities [37]:
• The unit vector nµ normal to the hypersurfaces, which is timelike and normalised
so that nµn
µ = −1.
• The three-dimensional metric induced on the hypersurface Σt:
hµν = gµν + nµnν . (1.29)
1One could add another term of the form f1(X,φ)φ
µν (4)Rµν , but this can be reabsorbed by integra-
tion by parts [36].
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• The time flow vector tµ = ∂/∂t associated to the coordinate t. This generates the
diffeomorphism which maps Σt in Σt+∆t. It can be decomposed as
tµ = Nnµ +Nµ . (1.30)
The above equation defines the lapse function N(~x, t) and the shift vector Nµ(~x, t)
orthogonal to nµ. These, together with other quantities, are illustrated in Fig. 1.1.
• The extrinsic curvature of the hypersurface, which quantifies the properties of the
embedding of the 3-surface in a 4-D spacetime through the variation of the normal
vector:
Kµν ≡ hρµ∇ρnν , (1.31)
Let me also introduce the normal projection of the vector Aµ,
A ≡ Aµnµ , (1.32)
which plays an important role for the degeneracy, and the spatial projection
Aˆµ ≡ hνµAν . (1.33)
Time derivatives are defined as the projection of Lie derivatives with respect to tµ. I
will denote them with a “dot”. In particular,
A˙ ≡ tµ∇µA . (1.34)
Finally, we can construct 3-dimensional covariant derivatives associated to the metric
hµν on the 3-dimesional hypersurface, that I denote with Di.
1.4.3.2 Degeneracy conditions
With the use of a 3+1 decomposition, one has the tools to separate space and time
derivatives and write the kinetic matrix for the action (1.26). The procedure is com-
pletely analogous to the one followed for the toy model.
As a first step, one introduces a new variable to reduce the system to a second-order
one. So, I define Aµ = φµ and enforce this property in the action through a Lagrange
multiplier λµ. Omitting the terms in P (X,φ) and Q(X,φ) that are not relevant for the
degeneracy, (1.26) becomes:
S[g, φ,Aµ, λµ] =
∫
d4x
√−g
[
f2(X,φ)
(4)R+ Cµνρσ(2) ∇µAν ∇ρAσ + λµ (φµ −Aµ)
]
.
(1.35)
Then, one can rewrite (1.35) in terms of the quantities introduced in 1.4.3.1. After
some manipulations, the kinetic part of the Lagrangian in a 3+1 decomposition can be
written in the form [14]
Lkin = A(φ,X,A)A˙2 + 2Bµν(φ,X,A)A˙Kµν +Kµνρσ(φ,X,A)KµνKρσ , (1.36)
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where A is the normal projection defined in (1.32), and Kµν is the extrinsic curva-
ture (1.31). The coefficients are given by
A = 1
N2
[
a1 + a2 − (a3 + a4)A2 + a5A4
]
, (1.37)
Bµν = A
2N
(
2a2 − a3A2 + 4f2,X
)
hµν − A
2N
(
a3 + 2a4 − 2a5A2
)
Aˆµ Aˆν , (1.38)
Kµνρσ = (a1A2 + f2)hµ(ρhν)σ + (a2A2 − f2)hµνhρσ + Kˆµνρσ . (1.39)
The tensor Kˆµνρσ is given by
Kˆµνρσ =4f2,X − a3A
2
2
(
AˆµAˆνhρσ + AˆρAˆσhµν
)
− a1
(
AˆµAˆ(ρhσ)ν + AˆνAˆ(ρhσ)µ
)
+ (a5A
2 − a4)AˆµAˆνAˆρAˆσ .
(1.40)
Note that the structure of the Lagrangian (1.36) is the same as the one of the toy-
model (1.23) with the correspondence (up to a factor of 2)
A 7→ Q , Kµν 7→ q˙i ,
A(φ,X,A) 7→ a , Bµν(φ,X,A) 7→ bi , Kµνρσ(φ,X,A) 7→ kij .
(1.41)
So, in this case the role of the “healthy” canonical degrees of freedom in the toy-
model (1.22) is played by the degrees of freedom of the metric, contained in the extrinsic
curvature Kµν (recall from (1.31) that Kµν 3 h˙µν where hµν is the spatial part of the
metric).
It is possible to cast the determinant of the system (1.36) in the form of a polynomial
in A2:
D(φ,X,A2) ≡ A−K−1µνρσBµνBρσ = D0(φ,X) +A2D1(φ,X) +A4D2(φ,X) = 0 ,(1.42)
where
D0(φ,X) ≡ −4(a2 + a1)
[
Xf(2a1 +Xa4 + 4fX)− 2f2 − 8X2f2X
]
,
D1(φ,X) ≡ 4
[
X2a1(a1 + 3a2)− 2f2 − 4Xfa2
]
a4 + 4X
2f(a1 + a2)a5 + 8Xa
3
1
− 4(f + 4XfX − 6Xa2)a21 − 16(f + 5XfX)a1a2 + 4X(3f − 4XfX)a1a3
−X2fa23 + 32fX(f + 2XfX)a2 − 16ffXa1 − 8f(f −XfX)a3 + 48ff2X ,
D2(φ,X) ≡ 4
[
2f2 + 4Xfa2 −X2a1(a1 + 3a2)
]
a5 + 4a
3
1 + 4(2a2 −Xa3 − 4fX)a21
+ 3X2a1a
2
3 − 4Xfa23 + 8(f +XfX)a1a3 − 32fXa1a2 + 16f2Xa1
+ 32f2Xa2 − 16ffXa3 .
(1.43)
The theory is degenerate when the expression (1.42) vanishes for any value of A. This
gives the three independent relations
D0(φ,X) = 0 , D1(φ,X) = 0 , D2(φ,X) = 0 , (1.44)
One should solve simultaneously the three equations above to fix three among the func-
tions f2 and aA. The theories obtained by imposing the corresponding conditions have
been called “Degenerate Higher-Order Scalar-Tensor” (DHOST) theories in [14], and
“Extended Scalar-Tensor” (EST) in [15]. In the rest of this work, I will use the acronym
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DHOST. These theories have first been identified at quadratic order in φµν in [14] and
further studied in [15, 33, 38, 39] (see also [40] for an approach to scalar-tensor theories
based on differential forms). The identification of DHOST/EST theories has recently
been extended up to cubic order in [36] where a full classification can be found.
In summary, there exist seven classes of purely quadratic theories and nine classes of
purely cubic theories. These quadratic and cubic classes can be combined to yield
hybrid theories, involving both quadratic and cubic terms, but all combinations are not
possible: only 25 combinations (out of 63) lead to degenerate theories, often with extra
conditions on the free functions in the Lagrangian (see [36] for details). I will however
show that at the level of linear perturbations the analysis is greatly simplified, as all the
degeneracy conditions of the above classes reduce to only two sets of conditions.
In order not to complicate the discussion, in the main text I will discuss the quadratic
case. Let me thus summarise the classes of quadratic DHOST theories:
• Minimally coupled theories. They correspond to the case f2 = 0. In this case, the
curvature (4)R disappears from the action. They contain three classes: 2M-I/IIIa,
2M-II/IIIb, 2M-I/IIIc.
• Non-minimally coupled theories. In this case f2 6= 0. There are four classes:
2N-I/Ia, 2N-II/Ib, 2N-III/IIa, 2N-IV/IIb.
In each of the above classes, three different functions among f2 and aA are fixed in terms
of the others. The explicit expressions are not relevant for the present discussion and
can be found in [36].
Let me finally underline some relevant aspects of the degeneracy and its relation to
Horndeski theories and their extension introduced in Sec. 1.3. Basing on the correspon-
dence (1.41) between the toy model and scalar-tensor theories, the three cases discussed
in Sec. 1.4.2 correspond to:
1. Horndeski theories. The quartic Horndeski Lagrangian corresponds to the case
f2 = G4 , a1 = −a2 = 2G4,X , a3 = a4 = a5 = 0 . (1.45)
As can be seen explicitly from (1.32) and (1.38), this leads to a trivial degeneracy
with A = Bµν = 0 and second order equations of motion.
2. Theories “beyond-Horndeski”. The degeneracy comes from the interaction terms,
Bµν 6= 0 but A = 0. The theory has third order equations of motion, like the
quartic beyond Horndeski Lagrangian (1.11). This Lagrangian corresponds to the
case
a1 = −a2 = XF4 a3 = −a4 = 2F4 , a5 = 0 . (1.46)
3. More general DHOST/EST theories. New classes with A 6= 0, Bµν 6= 0.
In particular, in Horndeski and beyond Horndeski theories we can see from (1.43) that
the condition D0 = 0 is always satisfied (since a1 = −a2). Then, one can use the
other two conditions to express a4 and a5 in terms of a2 and a3. The requirement to
have also A = 0 gives a5 = 0, a3 + a4 = 0, leaving only two arbitrary functions. This
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corresponds to the sum of Horndeski and beyond Horndeski quartic Lagrangians. These
are contained in the class 2N-I/Ia.
In the following, I will explore the phenomenological properties of the DHOST theories
summarised above basing on an effective description.
Chapter 2
Effective Theory of Dark Energy
2.1 An effective description of dark energy
In Chapter 1 I introduced a general class of scalar-tensor theories formulated in terms
of covariant Lagrangians. The “top-down” procedure to test these theories amounts to
solve the equations for the propagating degrees of freedom, compute the effects on the
observables, and try to constrain the free parameters with observations. Ultimately,
we would like to compare the performance of alternative models with ΛCDM. The
idea of developing an effective description is to find a “bottom-up” approach to test
linear perturbations in scalar-tensor theories against ΛCDM, in such a way that we
can be agnostic about the underlying fundamental theory. This can be achieved by
writing directly a general action for the fluctuations around a time-dependent FLRW
background solution in the case where a single scalar degree of freedom is added to GR.
Let me point out two reasons why an action is important. First, it allows a link with
basic principles of physics. In particular, any deviation from ΛCDM described this way
will be automatically consistent with locality, causality and unitarity [41, 42]. Second,
an action allows a systematic study of the stability of the theory.
The basic idea of the effective description is the following. ΛCDM is based on GR and
thus has an invariance under coordinate transformations, xµ 7→ x˜µ = x˜µ(xν). In the al-
ternatives to ΛCDM I am considering, the acceleration is caused by an additional scalar
field φ(~x, t). In cosmology, due to homogeneity and isotropy this field acquires a time-
dependent background value φ¯(t). This spontaneously breaks the time reparametrisation
invariance. So, it makes sense to describe deviations from ΛCDM assuming spontaneous
breaking of the time diffeomorphisms. Analogy with spontaneously broken gauge the-
ories suggests that there will be massless excitations (Goldstone modes) describing the
low-energy dynamics. These are the fluctuations of the additional scalar degree of free-
dom, δφ(~x, t) = φ(~x, t) − φ¯(t). They have to transform linearly under the unbroken
symmetries, i.e. space translations and rotations. We can thus construct the most gen-
eral action compatible with this residual symmetry, allowing operators that break time
diffeomorphism invariance. The coefficients of these operators will be functions of time
and can be constrained by observations. I will present a formulation where these pa-
rameters are chosen to represent deviations from ΛCDM. Remarkably, the large classes
of theories introduced in Chapter 1 reduce to a limited number of free functions in the
effective description, as I will discuss. For any covariant theory, one can compute its free
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functions in the effective description and then compute the observables. On the other
hand, it is also possible to assume a parametrisation for these functions and constrain
them directly. This is the true advantage of the effective description. In both cases, the
computation of the observable deviations from ΛCDM, or the implementation of the
equations in numerical codes, can be done once and for all. I will show how to make
the connection between covariant theories and the effective description in Sec. 2.4, after
reviewing how to write the action in Sec. 2.2.
2.2 Generalities. Building the action
Let me now show how to write an action based on the above ideas. We are looking for
an action invariant under spatial diffeomorphisms but not under time ones. Thus, we
need to separate space and time components and to identify the allowed operators. The
natural framework to do so is the 3+1 decomposition, introduced in Sec 1.4.3.1 exactly
for the same purpose. In addition to this, there are two additional steps that one can
make.
• Unitary gauge. The fact that the scalar field has a background value φ¯(t) defines
a preferred foliation of spacetime, given by the hypersurfaces of constant φ. In
a cosmological context, the usual assumption is that the scalar field gradient is
spacelike, φµφ
µ < 0, so these hypersurfaces are spacelike. To adapt to this preferred
foliation, we can choose the background value of the scalar field as a “clock”, such
that constant time hypersurfaces correspond to constant φ ones. This choice of
the time coordinate is called the unitary gauge. We have:
φ(t, ~x) = φ¯(t) + δφ(t, ~x) ,
φ(t, ~x) = φ¯(t)⇔ δφ(t, ~x) = 0 (Unitary gauge) . (2.1)
After the gauge fixing, we are left with the symmetry xi 7→ x˜i = x˜i(xν), which
is exactly the unbroken part of the general coordinate invariance of GR. The
scalar degree of freedom appears now in the metric: for example, the kinetic term
X = gµνφµφν becomes just g
00φ˙2 = −φ˙2/N2. At linear level, its contribution will
be encoded in the expansion of the metric element g00, or equivalently of the lapse
function N .
The geometrical quantities on the hypersurfaces on constant φ/constant time are
those introduced in Sec 1.4.3.1. These geometrical quantities will now be related
to φ. In particular, the normal to the hypersurface is proportional to the gradient
of the scalar field:
nµ = − ∂µφ√−X , X ≡ g
µν∂µφ∂νφ . (2.2)
• ADM coordinates. In Sec 1.4.3.1 I introduced the geometrical quantities in the
3+1 decomposition without referring to a specific coordinate system. To further
simplify the problem, one can choose a coordinate system that adapts to the
preferred foliation. A priori, the coordinate t is completely arbitrary, but it is
possible to construct a coordinate system that uses it as the time coordinate. This
coordinates are (t, xi), i = 1, 2, 3, where xi are the spatial coordinates on the
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hypersurface Σt. This is called the ADM [43] coordinate system. The line element
can be written as1:
ds2 = −N2dt2 + hij(dxi +N idt)(dxj +N jdt) . (2.3)
In the above equation, I used the lapse function N(~x, t), the shift vector N i(~x, t),
and the spatial metric hij introduced in Sec 1.4.3.1. In particular, the latter
measures distances between points on every hypersurface, d`2 = hijdx
idxj . In the
ADM coordinate system, the relevant geometrical quantities have the following
form [37]:
– Normal unit vector:
nµ =
(
1
N
,
N i
N
)
, nµ = (−N, 0, 0, 0) . (2.4)
– Extrinsic curvature:
Kij =
1
2N
(
h˙ij −DiNj −DjNi
)
, (2.5)
where Di denotes the covariant derivative associated to the metric hij , and a
dot a derivative with respect to the time t.
Le me introduce two other quantities that are useful to characterise the 3-dimensional
surfaces:
– Tangent to the hypersurface:
aµ = n
ν∇νnµ =
(
0,
∂iN
N
)
. (2.6)
– The intrinsic curvature on the hypersurface. It is quantified by the three-
dimendional Ricci tensor on the hypersurface, Rij . In 3-D, this contains as
much information as the Riemann tensor.
We now have all the elements to write down a very general action. In particular,
we can include any time-dependent operator, tensors with free zero indexes, namely
g00 = −1/N2,2 and diff-invariant combinations of tensors with spatial indexes such as the
extrinsic curvature Kij and the intrinsic curvature Rij . Spatial indices are lowered and
raised with the spatial metric hij or its inverse h
ij , respectively. We can take covariant
derivatives Di associated with the three-dimensional spatial metric and time derivatives
∂0 that I will denote by a dot. The building blocks of the action are constructed with
the geometrical elements that characterise the hypersurfaces written in unitary gauge
and in ADM coordinates [44, 45]. The gravitational action is generically of the form3
Sg =
∫
d4x
√−gL(N,Kij , Rij , Di, ∂0; t) . (2.7)
1I use latin indeces (i, j, ...) for the spatial parts.
2This actually exhausts the possibilities, since the shift vector and the extrinsic curvature do not
have by definition components with 0 indexes.
3The “acceleration” vector ai is not included explicitly since it can be obtained by taking spatial
derivatives of the lapse. The shift vector N i should enter in the diff-invariant combination N˙ −N i∂iN ,
but this term reduces to ˙δN at linear order.
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The above form is very general. To have an intuition, let me consider the Einstein-
Hilbert action
SGR =
∫
d4x
√−g M
2
Pl
2
(4)R . (2.8)
One can use the Gauss-Codazzi relation
(4)R = KµνK
µν −K2 +R+ 2∇µ(Knµ − nρ∇ρnµ) , (2.9)
to rewrite it in 3+1. The Lagrangian reads
LGR = M
2
Pl
2
[
KijK
ij −K2 +R] , (2.10)
and is of the form (2.7).
Another example worth to mention is a quintessence field added to GR [17, 18],
S =
∫
d4x
√−g
[
LGR + 1
2
φφ− V (φ)
]
, (2.11)
where LGR is the Einstein-Hilbert Langrangian density. In 3+1 we have the Lagrangian
L(t,N) = LGR + φ˙
2(t)
2N2
− V (φ(t)) . (2.12)
So, we added to the GR Lagrangian (2.10) a dependence on the lapse function N .
More general actions would introduce more complicated terms but can be always reduced
to the form (2.7). A complete discussion on how to write general covariant Lagrangians
in the 3+1 form has been provided in [6] for the Horndeski case. In Appendix A of [46]
one can find the full DHOST Lagrangians (up to cubic order) in 3+1. I will discuss in
the main text the details at the level of linear perturbations.
Even if I included them in the most general case, special care must be taken with time
derivatives. In the following discussion, I concentrate on the scalar sector. In the ef-
fective description, the tensor Kij contains one time derivative of the metric, so any
operator quadratic in it will already yield two time derivatives, which correspond to the
presence of one propagating degree of freedom. Hence, not taking time derivatives of
the three-dimensional tensors listed above is enough to ensure the presence of a single
propagating degree of freedom; additional conditions should then be imposed on its ac-
tion in order to avoid that it is itself a ghost and that it contains gradient instabilities.
I will describe the physical meaning of these requirements in the following4.
This however does not represent the most general case; indeed, we saw in Chapter 1
that suitable degeneracy conditions can be imposed on an action to eliminate unwanted
degrees of freedom5. This can be done also in the effective description: in particular, we
can allow for time derivatives of the lapse function N , but find degeneracy conditions to
ensure that only one DOF propagates. In particular, the presence of N˙ is the unitary
gauge analogue of introducing a kinetic term for the “velocity” Aµ = φµ introduced in
4Note that we must impose conditions on the action for the propagating degree of freedom after
solving the constraints of the theory. Imposing conditions on the initial action can lead to too restrictive
conditions.
5In effective theories, higher time derivatives are indeed allowed provided that they are suppressed
below the cutoff scale, so that the ghosts are out of the domain of validity of the theory. Here I shall
consider them on the same footing as the other operators.
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Sec. 1.4.3, and the degeneracy conditions needed in the effective description are the ana-
logue of those obtained in the covariant formulation of DHOST theories. I will explain
in detail the relation between the degeneracy conditions obtained at the covariant and
linear level.
The case of spatial derivatives is different. Some of the operators built with the above
tensors alone can lead to higher order spatial derivatives unless their relative coefficients
are appropriately tuned. In the following, I will consider the most general action for
cosmological perturbations that contains operators with at most two derivatives in the
effective description. After solving the constraints, this action can contain higher order
spatial derivatives. However, I will show that when imposing the appropriate degener-
acy conditions obtained at the covariant level, the theory will be free of higher spatial
derivatives as well6.
2.2.1 Background evolution
As far as the effective description is concerned, the background evolution is fully en-
coded in one free function of time H(t) that can be obtained solving the equations of
motion in a specific model. In a model independent approach, one can just fix it so to
reproduce the observed background expansion history. Note that to completely char-
acterise the gravity and dark energy sector we shall also provide a constant, i.e. the
fractional matter density today Ωm,0, since we could trade some dark matter with a
suitable amount of time-dependent dark energy keeping the measurements of the back-
ground unchanged [51].
Here I will just recall how to obtain the background equations in the effective formalism.
On a spatially flat FLRW spacetime, the line element takes the form
ds2 = −N¯2(t)dt2 + a2(t)δijdxidxj . (2.13)
Among the tensors that enter in the action (2.7), the intrinsic curvature tensor of the
constant time hypersurfaces vanishes, i.e. Rij = 0, and the components of the extrinsic
curvature tensor are given by Kij = Hδ
i
j , where H ≡ a˙/(aN¯) is the Hubble parameter.
Kij = Hδ
i
j , H ≡
a˙
N¯a
, (2.14)
where H is the Hubble parameter. Note that we must retain the background value of the
lapse, N¯(t), since the variation of the action with respect to it gives the first Friedmann
equation. The homogeneous Lagrangian in (2.7), is a function of N¯(t), a(t) and of time
only.
L¯(a, a˙, N¯) ≡ L
[
Kij =
a˙
N¯a
δij , N¯(t),
˙¯N(t)
]
. (2.15)
6Differently from time derivatives, higher spatial derivatives are not necessarily suppressed and may
dominate the dispersion relation, such as in the Ghost Condensate theory [47]. In this case, higher spatial
gradients become relevant, even if they begin operating at very short distances [48, 49], typically shorter
than the cosmological ones. Another case where higher order spatial derivatives are present are models
that explicitly break Lorentz invariance, such as Horava gravity and its extensions [50]. Often, these
models are formulated directly in the unitary gauge, but their generalisation to arbitrary gauges could
contain additional propagating degrees of freedom. I will show how the effective description encompasses
such models.
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Adding matter minimally coupled to the metric gµν
7, the variation of the total homo-
geneous action S¯ = S¯g + S¯m with respect to N and a yields, respectively, the first and
second Friedmann equations [6, 10]-[74]:
L¯+ N¯LN − 3HF − 1
N¯a3
d
dt
(
N¯a3LN˙
)
=ρm ,
L¯ − 3HF − F˙
N¯
=− pm ,
(2.18)
where (
∂L
∂Kij
)
bg
≡ Fa−2δij , LN =
(
∂L
∂N
)
bg
, LN˙ =
(
∂L
∂N˙
)
bg
. (2.19)
Again, the above equations are very general but one can recover the well-known cases
by doing the calculation. For example, in GR we have:
∂LGR
∂Kij
= M2Pl
(
Kji −Kδji
)
, (2.20)
which, after substituting Kij = Hδ
i
j , yields,
FGR = −2M2PlH , (2.21)
whereas L¯GR = −3M2PlH2 and LN = LN˙ = 0. With these expressions, one recovers the
usual Friedmann equations.
2.3 Linear perturbations
To study linear perturbations, one needs to expand the action at second order around
the homogeneous background. Fixing the background gauge N¯ = 1, these are
δN = N − 1 , δKij = Kij −Hhij , Rij , (2.22)
where Rij is already a perturbation since its background value vanishes.
Let me resume the idea of the procedure, without entering into too lengthy calculations.
The expansion of the Lagrangian L up to quadratic order is of the form
L(N,Kij , Rij , . . . ) = L¯+ LNδN +
∂L
∂Kij
δKij +
∂L
∂Rij
δRij + L(2) + . . . . (2.23)
7The variation of the corresponding action with respect to the metric defines the energy-momentum
tensor,
δSm =
1
2
∫
d4x
√−g Tµν δgµν . (2.16)
In a FLRW spacetime, this reduces to
δS¯m =
∫
d4xN¯a3
(
−ρm δN
N¯
+ 3pm
δa
a
)
. (2.17)
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The first order part cancels upon use of the background equations (2.18). The quadratic
part is given by
L(2) =1
2
LNNδN2 + 1
2
∂2L
∂Kij∂K
k
l
δKijδK
k
l +
1
2
∂2L
∂Rij∂R
k
l
δRijδR
k
l +
+
∂2L
∂Kij ∂R
k
l
δKijδR
k
l +
∂2L
∂N∂Kij
δNδKij +
∂2L
∂N∂Rij
δNδRij + . . . ,
(2.24)
where the dots indicate all the other possible terms. The partial derivatives are evaluated
on the background and the notation LNN indicates the second derivative with respect
to the lapse. One can further simplify the second order action by integration by parts
and using the background equations of motion. The details can be found in [10]. So
far, I have not imposed yet any constraint on the form of the action. In particular, the
final expression can in principle contain higher spatial derivatives and time derivatives
of the lapse function that signal the presence of an additional scalar degree of freedom,
as I pointed out previously.
In this work, I will study systematically Lagrangians including at most two time or
space derivatives in perturbations8. Imposing this requirement, it is possible to find
combinations of the coefficients of the expansion (2.24) such that the quadratic action
can be written in the form
S(2) =
∫
d3x dt a3
M2
2
{
δKijδK
ij −
(
1 +
2
3
αL
)
δK2 + (1 + αT)
(
R
δ
√
h
a3
+ δ2R
)
+H2αKδN
2 + 4HαBδKδN + (1 + αH)RδN + 4β1δKδN˙ + β2δN˙
2
+
β3
a2
(∂iδN)
2
}
,
(2.25)
where δ2 denotes taking the expansion at second order in perturbations. I will show
that the action (2.25) describes the linear perturbations of all the DHOST theories
and show the connection between their covariant formulation and the above expression
for the action. The coefficients appearing in the action (2.25) correspond to distinct
physical effects. They are functions of time, since the scalar field has a nontrivial
background evolution and the action has been built to respect space diffeomorphisms
only. The definition of these functions is such that they parametrise deviations from
ΛCDM, which corresponds to set them to zero9. In this case, the scalar sector does not
contain propagating degrees of freedom and the above action reduces to the description
of the two degrees of freedom in the tensorial sector. The functions αK, αB, αT [54],
together with the variation of the effective Planck mass squared M2,
αM ≡ d lnM
2
d ln a
, (2.26)
are sufficient to cover linear perturbations in Horndeski theories, αH [10] corresponds
to their extension “beyond Horndeski” [12, 13], while αL, β1, β2, β3 [46] appear in the
DHOST theories, or in Lorentz breaking theories.
8This means that I will not include operators such as δKR, R2, Rji R
i
j , R ˙δN that contain three
derivatives. Derivatives of the extrinsic curvature are not allowed for the same reason. Note that this
procedure doesn’t imply that the action for the propagating degree of freedom won’t contain higher
order space derivatives. For example, the operators δKijδK
ij and δK2 indeed generate higher order
gradients without a tuning of their relative coefficient.
9An exception to this is given by the cuscuton [52, 53], where the cosmological background evolution
is modified but no new degrees of freedom appear in perturbations.
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αK αB αM αT αH αL β1 β2 β3
ΛCDM
Quintessence [17, 18], k -essence [19, 20] 8
Kinetic Gravity Braiding-Cubic Galileon [58–60] 8 8
Galileon Cosmology [61], Brans-Dicke [62], f(R) [21, 22] 8 8 8
Horndeski [11]-Generalized Galileons [23] 8 8 8 8
Beyond Horndeski [12] 8 8 8 8 8
Ia DHOST [14] ? 8 8 8 8 8 8 8 8
IIa DHOST [14]? 8 8 8 8 8 8 8 8 8
Horava gravity [63]?? 8
Healthy extensions of Horava gravity [50] ?? 8 8 8
Chronometric theories [50, 64] ?? 8 8 8 8
Table 2.1: Free functions of the effective description and their appearance in different
modified gravity and dark energy theories. Theories marked by ? require degeneracy
conditions to be imposed on the coefficients in order to avoid the propagation of extra
degrees of freedom. Theories marked by ?? are formulated directly in the unitary gauge
and their covariantization either introduces a ghost or requires to restrict the space of
solutions.
The time dependent functions are defined so to be independent of the background ex-
pansion history [10, 54]. Any of the models introduced in Chapter 1 can be cast in the
above form using the ADM decomposition in unitary gauge. The most general “dic-
tionary” can be found in [46]. The fact that the action can be organised in powers of
the perturbations and allows a clear separation from the background is one of the most
powerful features of the effective description in the ADM formalism in unitary gauge
with respect to a covariant effective approach a` la Weinberg [55–57]. In the latter case,
adding a new operator would correspond to a change in the background as well and
would lead to study the model again from the beginning. A second point is that the
relative importance of different operators in the covariant language can be studied only
around a specific background.
2.4 Effects on linear perturbations
As I said, the functions αA, βA correspond to distinct physical effects that I shall briefly
recall in this section. Table 2.1 summarises their presence in different scalar-tensor
theories.
• General Relativity. As a preliminary example, consider the Einstein-Hilbert action
in 3+1 given in Eqn. (2.10) It easy to show that, when expanded at quadratic order
in perturbations, it has the structure of (2.25) with M = MPl = const. and all the
αi, βi set to zero.
• Kineticity αK. This function arises directly from the most standard kinetic term
for the scalar field and it is the typical contribution of the scalar field in basic
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models where dark energy has a perfect fluid energy-momentum tensor. It encodes
the kinetic energy of the scalar field which in unitary gauge remains hidden in the
metric. Lagrangians that depend only on the scalar field and its gradient, L(φ, φµ),
lead only to this term.
This is the cas of quintessence, written in 3+1 in Eqn. (2.12). The potential
V (φ(t)) doesn’t depend on any of the tensors appearing in the action for linear
perturbations; indeed, in unitary gauge it is a background quantity, V = V (t), and
it’s fully fixed by the Friedmann equation onceH(t) and Ωm,0 are given. This shows
the effectiveness of this parametrisation in splitting background and perturbations.
Differently from GR, as we saw, the Lagrangian (2.12) has a dependence on the
lapse function. This gives the non-vanishing function
αK =
˙¯φ2
H2M2Pl
(2.27)
• Kinetic braiding αB. In the Lagrangian 2.11 the operator φ has the coefficient
φ, which amounts to a standard kinetic term. Let’s now promote φ to a function
G3(φ,X) [58–60]:
S =
∫
d4x
√−g
[M2Pl
2
(4)R+G3(φ,X)φ
]
, (2.28)
Since the operator  contains covariant derivatives, the dependence of G3 on X
will lead to the presence of terms of the type ∂g ∂φ, i.e. a kinetic coupling between
the scalar and the metric. Hence the name of kinetic braiding. In unitary gauge,
these are encoded in the operator δNδK and lead to a non vanishing αB and αK.
In particular,
αB = − G3X
HM2Pl
. (2.29)
• Planck mass running rate αM. The time evolution of the Planck mass can be seen
as a time-dependend conformal rescaling of the metric. In the absence of matter,
it would be re-absorbed by a conformal transformation; when matter is present,
however, this comes at the price of introducing a non-minimal coupling with the
matter fields, as I will discuss in Chapter 3. The simplest example is given by
Brans-Dicke theories [62], where the action can be written in the form:
SBD =
∫
d4x
√−g
[
φ (4)R− ωBD
φ
φµφ
µ + V (φ)
]
. (2.30)
This leads to the following non-vanishing functions in the effective action:
αM =
d lnφ
d ln a
, αK = ωBDα
2
M , αB =
αM
2
. (2.31)
• Tensor speed excess αT. When constructing Lagrangians for the additional scalar
degree of freedom, the allowed terms can lead also to modifications of the tensorial
part of the action10. The time kinetic term for the gravitons comes form the
extrinsic curvature Kij , while the spatial part is encoded in the intrinsic curvature
R. Detuning the two from the GR relation can lead to a propagation speed for the
10Note that the tensor sector is affected also from αM through additional friction.
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gravitons different from that of light. The simplest example where this happens
is the quartic Galileon [23], given by the Lagrangian L4 in Eqn. (1.1). Assuming
for simplicity that G4 is a function of X only, it is useful to write explicitly the
corresponding expression in unitary gauge to explicitly see the detuning:
L4 = G4R+ (2XG4,X −G4)(K2 −KijKij) . (2.32)
This gives non-vanishing functions αK, αB, αM and
αT = −2 G4,X
G4 + 2G4,X
. (2.33)
• Kinetic mixing with matter αH. Besides a mixing between the gravitational scalar
degree of freedom and φ, when dealing with the late universe we should also take
into account the presence of matter. The presence of the function αH leads to a
situation where the propagating scalar modes in the presence of matter are mixed
states of the latter and φ.11 This effect arises in the theories “beyond Horndeski”.
An explicit example is given by the Lagrangian LbH4 in Eqn. (1.11). This generates
non vanishing αK, αB, αT, αM, as well as
αH = αT =
F4
1− F4 . (2.34)
The above five free functions and the corresponding operators do not explicitly introduce
time derivatives of the lapse function in the action (2.25) nor spatial derivatives of
order higher than two. For the remaining functions, both of these two cases are in
general realised and we need to impose degeneracy conditions to avoid instabilities. The
additional free functions are the following:
• Lorentz breaking αL. It corresponds to a detuning of the extrinsic curvature terms.
Its presence is reminiscent of the fact that the two terms KijK
ij and K2 are sepa-
rately invariant under space diffs, while a full time and space diff invariance would
require αL = 0. As such, this function is typical of theories that already in their
original formulation assume a preferred time slicing, such as Horava gravity [63]
and its extensions [50]12. For example, Horava’s model in the low energy limit has
the Lagrangian:13
L =
M2Pl
2
[
R+KijK
ij − λK2] , (2.35)
which gives αL = 3(λ−1)/2. In Lorentz-breaking theories, it gives rise to nonlinear
dispertion relations of the form ω2 = Ak2 +Bk4. In covariant theories, I will show
that the conditions to ensure the absence of additional degrees of freedom at the
covariant level prevents to obtain a dispertion relation of this form.
• Acceleration β3. This coefficient comes from the operator that can be built with
the acceleration vector ai = ∂iN/N at the nonlinear level. It also provides extra
11This can be interpreted also as a particular type of disformal coupling to matter in the frame where
the matter fields are non minimally coupled. The mixing is however a physical effect independent of the
frame. I will analyse this in detail in Sec. 4.5
12In the context of covariant theories, it can appear only together with other operators that would
ensure full diff invariance to the action.
13This model however includes a scalar mode that features instability and strong coupling prob-
lems [64].
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spatial derivatives to the action and it appears, for example, in healthy extensions
of Horava gravity [65]. For example, the healthy extension of Horava’s “non-
projectable” model has the Lagrangian
L =
M2Pl
2
[
R+KijK
ij − λK2 − αDiN D
iN
N2
]
, (2.36)
which simply gives
αL = 3(λ− 1)/2 , β3 = α . (2.37)
• Phantom kineticity β2 . This function parametrises the pure kinetic term for the
additional degree of freedom that appears allowing for time derivatives of the lapse
function. As such, it is the analogue of the kineticity αK.
• Phantom kinetic mixing β1. When this function is non vanishing, the propagating
scalar mode is a mixing of the metric perturbations and the lapse perturbations.
Thus, it represents a generalisation of the kinetic braiding to the additional degree
of freedom in higher-order theories.
When allowing the functions β1, β2 to be nonzero, we are adding a propagating mode
already at the level of the linear action in unitary gauge, while adding αL and β3 induces
higher spatial derivatives. To eliminate higher derivatives and/or the additional propa-
gating degree of freedom, the four former functions should obey degeneracy conditions.
In particular, there are no viable theories where β1 and β2 can enter separately (see
discussion in Sec. 4.6).
Chapter 3
Field redefinitions and coupling
to matter
In the late universe, the action (2.25) should be supplemented by an action describing
the matter sector. This is relevant for the effective description: in general, there can be
some arbitrariness in the choice of the metric used to describe the gravitational sector.
Indeed, we are always allowed to perform “field redefinitions” such that the structure of
the action remains unchanged. In the presence of matter, we have to take into account
that the coupling between the matter fields and gravity changes as well. Suppose we
start with a minimal coupling of the matter fields to the metric, which simply amounts
to choose the same metric gµν to describe the matter and the gravitational sector. In
this case, test particles follow by definition the geodesics of the “gravitational” metric.
After a field redefinition in the gravitational sector g˜µν = g˜µν(gµν), however, these
geodesics will be those of a metric (gµν) different than the one used to describe the
gravitational sector (g˜µν). Our description of the physics in the two frames would
therefore be different. In this Chapter, I will discuss how to include the coupling to
matter in the effective theory introduced in the previous Chapter.
3.1 Physics in different frames
As an illustrative example, let me consider the simple case of Brans-Dicke theories (2.30)
with matter minimally coupled to the metric gµν ,
S = SBD [gµν , φ] + Sm [gµν ,Ψ] . (3.1)
Here, Ψ denotes the matter fields. In the frame defined by gµν there is no direct inter-
action between the scalar field and the matter fields. This is usually called the Jordan
frame. By construction, in this frame the matter energy-momentum tensor is conserved,
∇µTµν = 0. On the other hand, the dynamical equations for the metric has a form dif-
ferent form the usual Einstein equations. Schematically, we can write
Gµν + ∆Gµν = 8piGT
(m)
µν , (3.2)
where ∆Gµν encodes the modification to the Einstein equations due to the presence of
the scalar field. It is well known that one can make a conformal transformation that
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depends on φ,
g˜µν = φgµν , (3.3)
such that the new metric g˜µν obeys the usual Einstein equations. Indeed, making a
field redefinition φ 7→ ψ(φ) to canonically normalise φ, we can re-cast the action in the
form [66]
SBD =
∫
d4x
√
−g˜
[
(4)R˜− 1
2
∇˜µψ∇˜µψ + V˜ (ψ)
]
+ Sm
[
φ−1g˜µν ,Ψ
]
. (3.4)
By comparison with the gravitational action (2.30), we see that its structure has been
preserved by the transformation 3.3. With this I mean that no operators different from
those present in the original action are generated (in this case (4)R, ∂µφ∂
µφ and V (φ)),
but only their coefficients changed.
In the frame defined by g˜µν , the contribution of the scalar field is encoded in the energy-
momentum tensor, as if ψ was an ordinary matter field:
G˜µν = 8piG
(
T˜ (m)µν + T˜
φ
µν
)
. (3.5)
Clearly, if it wasn’t for the presence of matter, by inspection of the actions (2.30)
and (3.4) we would conclude that Brans-Dicke theories are equivalent to General Rela-
tivity with a scalar field in a potential. However, since the metric that couples to the
matter fields also transforms, this is not the case. Note that in the second frame the
covariant conservation of the energy-momentum tensor with respect to the new metric
will not hold separately for the contributions of matter and of the scalar field1. We will
rather find an interaction of the form
∇˜µT˜µν(m) ∝ ∇˜νφ . (3.6)
This second frame is known as the Einstein frame. It is clear that due to the arbitrari-
ness of the transformation (3.3) we can find infinite reference frames among which the
description of the physics can change. The two above stand out for the clean different
interpretation: either we have matter following geodesics of the gravitational metric,
which however is not descrided by the Einstein-Hilbert Lagrangian, or we have a gravi-
tational sector described by the same equations as General Relativity but with matter
interacting in a non trivial way with the metric. In this second case, the scalar mediates
an additional force (“fifth force”). The advantage of using the Jordan frame to derive
predictions is that only the gravitational sector is non-standard; thus, one does not need
to care about modifications of non-gravitational forces, which would otherwise greatly
complicate the analysis. In the following, I will adopt this strategy.
3.2 Disformally related frames and non-minimal couplings
More general actions would of course require more general transformations to play the
role of conformal transformations in Brans-Dicke actions. Remarkably, transformations
that preserve the structure of the action exist for all the classes of theories that I shall
consider in this work. These are the so-called disformal transformations [67], that
1In the case of a purely conformal coupling, radiation fields are an exception, since their action is
conformally invariant. For these we shall need a more general version of the transformation that I will
discuss later.
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generalise (3.3) and can be written in their most general form as [67]
g˜µν = C(φ,X)gµν +D(φ,X)∂µφ∂νφ . (3.7)
There are two main differences with respect to a φ-dependent conformal transformation.
First, the new metric g˜µν is now allowed to depend on the gradient of the scalar field,
thus changing the lightcones2. Second, the functions C and D themselves can depend
not only on the value of the field but also on the metric through the kinetic term X. Due
to this second property, a dependence on X of the functions C and D can lead to the
introduction of higher order derivatives. In unitary gauge, in particular, the dependence
of C on X (thus on N) corresponds to the introduction of time derivatives of the lapse
function in the theory. I will proceed by increasing complexity and consider three cases:
1. Horndeski+φ-dependent conformal/disformal transformation [68]. Horndeski the-
ories are defined by the requirement that the equations of motion are at most
second order. The transformation that preserves their structure should therefore
not generate higher derivatives. This kind of transformation is given by a con-
formal/disformal transformation of the form (3.7) where the functions C and D
depend on φ only:
g˜µν = C(φ)gµν +D(φ)∂µφ∂νφ . (3.8)
2. Beyond Horndeski+φ-dependent conformal+φ and X-dependent disformal trans-
formation [13]. In the case of theories “beyond Horndeski”, the covariant action
can allow for higher order derivatives. This reflects into the fact that this class
of theories is invariant under a more general class of transformations, where the
disformal factor depends on X, while the conformal one - C - does not:
g˜µν = C(φ)gµν +D(φ,X)∂µφ∂νφ . (3.9)
In unitary gauge, this corresponds to avoid the introduction of time derivatives of
the lapse in the theory.
3. DHOST+φ and X-dependent conformal/disformal transformation [38]. The case
of the most general healthy class of theories correspond to the transformation (3.7),
where both the functions are allowed to depend on φ and X. The presence of time
derivatives of the lapse in unitary gauge is not a problem, since they are already
present in the original action. Crucially, the degeneracy conditions that have to
be imposed to get rid of the extra degree of freedom are preserved by the trans-
formation [38]-[46]. This means that all the classes of quadratic DHOST theories
introduced in Sec. 1.4.3 are preserved by conformal and disformal transformations3.
In particular, this means that every theory in class Ia is completely equivalent to
a Horndeski+beyond Horndeski theory in vacuum. In the presence of matter, it
is equivalent to a Horndeski+beyond Horndeski theory with matter exhibiting a
coupling of the form (3.7).
Let me observe that for the theories above and their corresponding transformations, we
can always define a Jordan frame while due to the complexity of the gravitational sector
2For this reason, also radiation fields are affected by a disformal transformation, contrarily to the
case of a purely conformal one.
3An explicit proof for the cubic case has not been done yet, but one can expect that it is the case.
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in general we are not able to find an Einstein frame where the gravitational Lagrangian
reduces to the Einstein-Hilbert one as in scalar-tensor theories.
So far, I considered matter minimally coupled to the metric. In this case I showed that
the description of the physics in two conformally-disformally related frames is not the
same due to the presence of matter. To establish a correspondence between two frames
that are equivalent, one must allow for a non-minimal coupling of matter to the metric.
For each of the above classes, we have the freedom to couple matter to the most general
metric of the form (3.7) that preserves the structure of the class.
3.2.1 Violations of equivalence principle and interacting dark energy
A coupling of the form (3.7) preserves the Weak Equivalence Principle (WEP) if we
assume that the functions C(φ,X), D(φ,X) are the same for all matter species. Indeed,
to be even more general, we can relax this assumption and allow different species to
have different conformal and disformal couplings. Of course, the universality of cou-
plings is very well tested on Solar System scales for standard matter such as baryons
and photons, as well as the weakness of fifth force effects on these species [69, 70]. On
the contrary, on cosmological scales and for other species such as Cold Dark Matter or
neutrinos the constraints are far less stringent [71] and it is interesting to consider this
possibility which can be included in the effective description. This allows in particular
to include all models where dark energy and dark matter can interact, known as “Inter-
acting dark energy”. These are usually restricted to the case where the scalar field has
a quintessence-like action, while in Chapter 5 I will consider theories belonging to the
Horndeski class [74] and a conformal-disformal coupling that violates the WEP.
3.3 Counting parameters
Taking into account the redundancy associated to field redefinitions and the possibility
that different species have distinct conformal/disformal couplings of the form (3.7) to
the gravitational metric, let me summarise the kind of couplings allowed in different
theories and the number of free functions needed to fully characterise the dynamics of
linear perturbations in the gravitational and matter sectors. I assume that NS species
are present, labelled by an index I, I = 1, ..., NS. For each species I, I denote the
corresponding metric by gˇ
(I)
µν and I call this the Jordan frame metric associated with
this species. For each species I also introduce the conformal-disformal coupling
gˇ(I)µν =C
(φ)
I (φ,X)gµν +D
(φ)
I (φ,X)∂µφ∂νφ . (3.10)
(C
(φ)
I > 0 in order to preserve the Lorentzian signature of the Jordan-frame metric of
the species I.). In unitary gauge, the metric in eq. (3.10) reads
gˇ(I)µν = CI(t,N)gµν +DI(t,N)δ
0
µδ
0
ν ,
CI(t,N) = C
(φ)
I
(
φ(t),−φ˙(t)2/N2) , DI(t,N) = φ˙2(t)D(φ)I (φ(t),−φ˙(t)2/N2) . (3.11)
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To be concrete, I will assume an action to describe the matter sector. For simplicity,
I assume that each matter species can be described by a perfect fluid with vanishing
vorticity. One can write an action in terms of derivatively coupled scalar fields σI with
Lagrangians [20, 72, 73]:
LI
(
gˇ(I)µν , σI
)
≡ PI(YI) , YI ≡ gˇµν(I)∂µσI∂νσI . (3.12)
The total action is given by
Sm =
NS∑
I
SI , SI =
∫
d4x
√
−gˇ(I) LI
(
gˇ(I)µν , σI
)
. (3.13)
One can split each scalar field σI into a background value and its perturbations, σI =
σ¯I(t)+δσI(t,x), and expand to second-order the action Sm. The explicit calculation can
be found in the case of Horndeski theories in Appendix B of [74], in the case of beyond
Horndeski in Appendix A of [75], and in the case of DHOST in class Ia in Appendix D
of [46] (in the latter case, for a single matter species only).
What we found is that, for each species, in the most general case we can fully characterise
the coupling of the matter sector at the level of linear perturbations by four functions.
Two of them characterise the dependence on D and C on the scalar field and were
introduced in [74]. The remaining two characterise the dependence of D and C on
the gradient of the scalar field and were introduced in [75] and [46] respectively. Their
explicit definitions are:
αC,I ≡ φ˙
2HCI
∂CI
∂φ
, αY,I ≡ −X
CI
∂CI
∂X
, αD,I ≡ − DI
DI + CI/X
, αX,I ≡ −X
2
CI
∂DI
∂X
.
(3.14)
As I explained before, one is always allowed to perform field redefinitions in both
the gravitational and matter sectors. Both the scalar-tensor parameters in the ac-
tion (2.25) and the four matter parameters (3.14) transform under a general conformal-
disformal transformation of the form (3.7). Analogously to the matter case (3.11), this
transformation can be written in unitary gauge and parametrised by four functions of
time [46, 74, 75]
αC ≡ φ˙
2HC
∂C
∂φ
, αY ≡ −X
C
∂C
∂X
, αD ≡ − D
D + C/X
, αX ≡ −X
2
C
∂D
∂X
. (3.15)
This freedom to can be used to reduce the total number of the free functions of the theory.
For example, in the most general case of DHOST theories, the above transformation has
four free functions that can be chosen so to eliminate four among the functions (3.14) in
the matter sector and the α and β functions in the gravitational sector. Let me consider
again cases 1, 2, 3 separately. Table 3.1 summarises the different possibilities.
1. Horndeski+φ-dependent conformal/disformal transformation [74]. Horndeski the-
ories are characterised by four free functions in the gravitational sector, αK, αB,
αM, αT. The coupling to matter adds two functions for each matter species (2NS)
in the matter sector, αC,I and αD,I . The structure of the action is invariant under a
transformation with non vanishing αC and αD. In summary, 4+2NS−2 = 2(NS+1)
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Theory Brans-Dicke Horndeski Beyond Horndeski DHOST
Free functions,
gravitational sector
αK, αM = 2αB αK, αB, αM, αT αK, αB, αM, αT, αH αK, αB, αM, αT, αH,
one among {αL, β2, β1, β3}
Coupling g˜µν = C(φ)gµν g˜µν = C(φ)gµν
+D(φ)∂µφ∂νφ
g˜µν = C(φ)gµν
+D(φ,X)∂µφ∂νφ
g˜µν = C(φ,X)gµν
+D(φ,X)∂µφ∂νφ
Free functions,
matter sector
αC,I αC,I , αD,I αC,I , αD,I , αX,I αC,I , αD,I , αX,I , αY,I
# of free parameters 1 + 2NS 2(NS + 1) 2 + 3NS 2(1 + 2NS)
Table 3.1: Transformations that preserve the structure of different classes of theo-
ries, the corresponding possible non-minimal couplings with matter and the number of
physically relevant free functions.
free functions fully describe this case. The explicit transformations of these func-
tions under a change of frame can be found in [74].
2. Beyond Horndeski+φ-dependent conformal+φ and X-dependent disformal trans-
formation [75]. In this case, we need five free functions to describe the gravitational
sector - αK, αB, αM, αT, αH - supplemented by three functions for each matter
species (3NS) in the matter sector - αC,I , αD,I , αX,I . The structure of the action is
invariant under a transformation with non vanishing αC, αD, αX. We thus have a
total of 5 + 3NS− 3 free functions. The explicit transformations of these functions
under a change of frame can be found in [75].
3. DHOST+φ and X-dependent conformal/disformal transformation [46]. In the
most general case, we have nine free functions in the gravitational sector. Among
these, αK, αB, αM, αT, αH are arbitrary. On the contrary, the remaining four, αL,
β1, β2, β3, are subject to three degeneracy constraints, as explained in Sec. 1.4.3.
As for matter, we have four free functions for each matter species (4NS), αC,I ,
αD,I , αX,I , αY,I . The structure of the action is invariant under a transformation
with non vanishing αC, αD, αX, αY. In total, 9 − 3 + 4NS − 4 = 2(1 + 2NS)
functions are free. The explicit transformations of these functions under a change
of frame can be found in [46].
In particular, one can use the arbitrariness in the choice of the gravitational metric gµν
to choose one particular matter species, say I∗, to be minimally coupled to it, in which
case we have C
(φ)
I∗ = 1 and D
(φ)
I∗ = 0. This defines the gravitational metric as its Jordan
metric. Observables and physically relevant combinations of the parameters such as the
degeneracy conditions are left invariant under the transformations above.
Chapter 4
Propagating degrees of freedom
and stability
So far, I showed how to describe within the effective formalism the gravitational sector
of scalar-tensor theories and how to add very general couplings to the matter fields. Let
me now proceed to analyse the behaviour of the propagating degrees of freedom.
This analysis reveals one of the main advantages of an effective description based on an
action. Indeed, even if a theory contains the expected number of dynamical fields, one
should check that the propagating degrees of freedom comply with some basic physical
principles. In particular, one should require that the theory is stable. In this Chapter,
I recall first the stability conditions to impose on the action of the propagating degrees
of freedom, and then proceed to discuss perturbations in scalar-tensor theories.
I will concentrate on the scalar sector, but it is relevant to show the effect of modifications
of gravity also on the tensorial sector, which I will recall first. In particular, this will
lead to put stringent constraints on DHOST theories.
4.1 Ghosts and gradient instabilities
Here I recall the conditions to be imposed to have a healthy theory and give a physical
intuition. In Sec. 1.4.1 I described the pathology associated to the presence of higher
derivatives in the Lagrangian. Here I discuss the case of second-order theories. Consider
a scalar field described by the Lagrangian density1
L = 1
2
[
Aϕ˙2 − B(∂iϕ)2
]
. (4.1)
In terms of the conjugate momentum
pi =
∂L
∂ϕ˙
= Aϕ˙ , (4.2)
1In general, we could add a mass term and consider the case of negative mass, often called a tachyonic
instability. In gravity, however, under very general conditions the scalar perturbation is massless [76],
and so will be in the present work, as I will show.
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the Hamiltonian density is
H = 1
2
[
A−1pi2 + B(∂iϕ)2
]
. (4.3)
This is bounded from below if sign(A) = sign(B) = 1 , bounded from above if sign(A) =
sign(B) = −1 and indefinite if sign(A) 6= sign(B). A Fourier mode obeys the equation
of motion
ϕ¨ = −c2sk2ϕ , c2s ≡
B
A . (4.4)
So, in the latter case where the Hamiltonian is indefinite, c2s ≤ 0, this mode admits an
exponentially growing solution, ϕ ∝ e|cs|kt, so this case must be discarded. This case is
called a gradient instability. At the classical level, the other two cases are equivalent,
since they lead to the same equations of motion (4.4) with a stable oscillatory solution
with c2s ≥ 02.
However, it can be shown that a field with A ≤ 0 is pathological at the classical level.
This require to consider interactions with other fields. In gravity, this will always be
the case, since the fluctuations of the scalar φ are coupled to the metric sector and
to matter. This is also the main difference with an Ostrogradsky ghost, whose typical
signature is a linear dependence of the Hamiltonian on one of the conjugate momenta
and an instability will necessarily show up. Let’s couple the field ϕ to another healthy
scalar χ [78],
L = 1
2
[
Aϕ˙2 − B(∂iϕ)2 + χ˙2 − c2χ(∂iχ)2
]
+ λϕ2χ2 . (4.5)
When A > 0, since the total energy E = Eϕ + Eχ is conserved and Eϕ ≥ 0, Eχ ≥ 0,
the classical phase space for each of the two oscillators is bounded. On the contrary,
if A ≤ 0 the classical phase space is not bounded by the requirement that the total
energy is conserved: if Eϕ ≤ 0, similarly to the case of the Ostrogradsky ghost, a
configuration can exist where ϕ is arbitrarily excited towards negative energies as far as
χ compensates this with an equal excitement towards positive energies. If λ = 0, the
energy is separately conserved and this state can’t be reached. As soon as we switch
on interactions we can however reach the configuration with arbitrarily large excitations
and constant total energy.
To summarise, if A ≤ 0, the field ϕ is called a ghost field and such an arbitrarily excited
state can appear in the spectrum leading to instabilities. In the following, I will impose
the requirement of not having a ghost in the theory. Then the exponentially growing
solution of (4.4) is avoided imposing also B ≥ 0. If this condition is not realised, one
has a gradient instability in the theory.
4.2 Tensor modes
Tensor modes correspond to perturbations of the spatial metric, defined as (focussing
only on the tensorial part)
hij = a
2(t) (δij + γij) , (4.6)
2At the quantum level the situation is different. It can be shown that in the case A ≤ 0, during
the quantisation procedure we are forced to choose between violation of unitarity or propagation of
negative energies forward in time [77]. Since the first picture is unviable, we have to admit particles
with negative energies in the spectrum, destabilising the vacuum that can quickly decay in states of
positive and negative energy.
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with γij traceless and divergence-free, γii = 0 = ∂iγij . Using these properties and the
expansion (4.6), one has
δKij =
1
2N¯
γ˙ij ,
δ2R =
1
a2
(
γij∂2γij +
3
4
∂kγij∂
kγij − 1
2
∂kγij∂
jγik
)
.
(4.7)
The quadratic action for tensor perturbations is
S(2)γ =
∫
d3xdt a3
M2
8
[
γ˙2ij −
c2T
a2
(∂kγij)
2
]
, c2T ≡ 1 + αT . (4.8)
Absence of ghosts and gradient instabilities gives the two conditions
M2 ≥ 0 , c2T ≡ 1 + αT ≥ 0 . (4.9)
As I anticipated in Sec. 2.4, the action (4.8) shows that the function αT parametrises
deviations of the speed of propagation of gravitons from the speed of light. Note also
that the presence of the time-dependent Planck mass M(t) provides an extra friction
term in the equations of motion, given by αM. Explicitly,
γ¨ij +H(3 + αM )γ˙ij − (1 + αT )∇
2
a2
γij =
2
M2
(
Tij − 1
3
Tδij
)TT
, (4.10)
where (Tij − Tδij/3)TT is the transverse-traceless projection of the anisotropic matter
stress tensor.
4.3 Scalar modes
From now on I shall discuss the scalar sector. I will proceed by considering each of
the three cases introduced in the previous Chapter separately. Le me consider the
action (2.25). In unitary gauge the scalar modes can be described by the metric pertur-
bations [79]
N = 1 + δN, N i = δij∂jψ , hij = a
2(t)e2ζ δij . (4.11)
This gives:
δ
√
h = 3a3ζ , δKij =
(
ζ˙ −HδN
)
δij −
1
a2
δik∂k∂jψ ,
δ1Rij = −δij∂2ζ − ∂i∂jζ , δ2R = − 2
a2
[
(∂ζ)2 − 4ζ∂2ζ] . (4.12)
In this case, the situation is more involved than for tensors. Using the above expressions,
one obtains a lengthy Lagrangian in terms of three scalar fields δN , ψ and ζ. Eventually,
since I’m discussing theories with a single scalar degree of freedom, only one of those
fields will be dynamical. This means that the other two satisfy constraint equations
that can be used to eliminate them from the action.
Let me start from the case of Horndeski and beyond Horndeski theories. Here, the
Lagrangian does not depend on the time derivatives of the lapse and of the shift. The
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only dynamical variable is the perturbation ζ which is contained into the spatial metric
hij . Hence, variation of the action with respect to the two fields δN and ψ yields
constraint equations that correspond to the Hamiltonian constraint and to the scalar
part of the momentum constraint. In particular, the latter can be used to replace δN in
terms of ζ˙ and the matter fields. The detailed calculation can be found in the Appendices
for different cases; later in the text I will point to the references in more detail. As an
example, let me recall the constraint equation in absence of matter. This reads
δN =
ζ˙
H (1 + αB)
. (4.13)
When αB = 0, one has the standard GR expression. When αB 6= 0, upon use of the
constraint the term δNδK in the action (2.25) gives a contribution proportional to ζ˙2, as
can be seen using the explicit expression (4.12). So, the mixing between the gravitational
and scalar fluctuations contributes in this case to the kinetic energy of the scalar degree
of freedom, whence the name kinetic braiding. Once the constraint is used, one ends
with an action for the scalar degree of freedom ζ and the matter fields only. It is on this
action that the stability conditions must be imposed.
In the case of DHOST theories, the situation is more subtle. Time derivatives of the
lapse function are present, which means that in principle two degrees of freedom could
propagate in the scalar sector and that only one constraint is present in the action.
On the other hand, we know that one of the two propagating degrees of freedom is
reminiscent of an Ostrogradsky ghost, and that we can impose degeneracy conditions
to avoid its presence. Once we do so, I will show that one can find another constraint
equation and find again an action for a single degree of freedom.
4.4 Horndeski theories
In this case, αH = αL = β1 = β2 = β3 = 0. As I explained, we can use the scalar part
of the momentum constraint, Eqn. (4.13), to eliminate δN in favour of ζ. In absence of
matter, we get3
S(2) =
∫
d3x dt a3
M2
2
αK + 6α
2
B
(1 + αB)2
[
ζ˙2 − c2s,0
(∂iζ)
2
a2
]
. (4.14)
where4
c2s,0 =
(1 + αB)
2
αK + 6α2B
{
2(1 + αT)− 2
aM2
d
dt
[
aM2
H(1 + αB)
]}
. (4.15)
Absence of ghost and gradient instabilities require respectively
αK + 6α
2
B ≥ 0 , c2s,0 ≥ 0 . (4.16)
The above action illustrates how the operators in the action (2.25) contribute to the
scalar dynamics. In particular, it is clear that the kineticity αK and the kinetic braiding
αB give a kinetic energy to this degree of freedom.
Let me generalise the previous case adding a coupling to the matter fields as described
3As anticipated in footnote 1, the action for ζ doesn’t have a mass term.
4A subscript 0 will always denote a quantity defined in absence of matter.
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in 3. The matter sector is described by the NS funtions αC,I , αD,I , I = 1, ..., NS intro-
duced in (3.14). Combining the quadratic action for matter with eq. (4.40), one can
extract a quadratic action that governs the dynamics of the gravitational scalar degree
of freedom and the matter ones. One has to solve the constraint that will now depend
on the matter fields as well. The explicit calculation can be found in Appendix B of
[74]. The absence of ghosts is guaranteed by the positivity of the matrix in front of the
kinetic terms. This condition is given by
α ≡ αK + 6α2B + 3
∑
I
αD,I ΩI ≥ 0 , ρI + (1 + αD,I)pI ≥ 0 , (4.17)
where ρI and pI are the energy density and pressure respectively, and ΩI ≡ ρI/(3M2H2)
is the density contrast. The first condition generalises the first inequality in (4.16). We
see that a disformal coupling to the matter fields, parametrised by αD,I , affects the
kinetic energy of the gravitational degree of freedom and the no-ghost condition (see
also [80, 81]). For the matter sector, the second condition in (4.17) corresponds to the
Null Energy Condition [82] in the frame of gµν : in the Jordan frame of each species I,
this can be expressed in terms of the energy density and pressure by ρˇI + pˇI ≥ 0 (the
symbol ˇ denotes Jordan-frame quantities). The explicit transformations between the
two frames can be found in Appendix A of [74].
The propagating degrees of freedom are the matter ones, with sound speeds squared
c2s,I , and the gravitational one, with sound speed
c2s =
αK + 6α
2
B
α
c2s,0 −
3
α
∑
I
[
1 + (1 + αD,I)wI
]
ΩI , (4.18)
where wI ≡ pI/ρI is the equation of state. Absence of gradient instabilities requires
c2s ≥ 0 , cˇ2s,I = c2s,I(1 + αD,I) ≥ 0 . (4.19)
To summarise, in the case of Horndeski theories with a conformal-disformal coupling
that depends on φ only, the propagating degrees of freedom of the scalar/gravitational
sector remain decoupled from matter, but the presence of matter fields alters the kinetic
energy of the former one and its sound speed. For matter, stability conditions and fluid
quantities take their standard form in the Jordan frame.
4.5 Beyond Horndeski and Kinetic Matter Mixing
In theories beyond Horndeski the operator αH is added on top of the four others char-
acterising the Horndeski class. The analysis of the propagating mode proceeds exactly
as in the Horndeski case. In absence of matter, the physics is not qualitatively differ-
ent from the Horndeski case; the no-ghost conditions are not affected by αH while the
expression of the sound speed is slightly modified5,
c2s,0 =
(1 + αB)
2
αK + 6α2B
{
2(1 + αT)− 2
aM2
d
dt
[
aM2(1 + αH)
H(1 + αB)
]}
. (4.20)
5It has been recently argued that even in vacuum, this can have relevant effects in the context of
spatially flat FRW solutions which are geodesically complete without facing gradient instabilities [83, 84].
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A genuinely new physical effect emerges in this case when matter is added. In this case,
the transformation preserving the structure of the action includes a dependence of the
disformal factor D on the gradient of the field, so we can extend the coupling to matter
to include this case [75]. This adds one function αX,I (see eqn. (3.14)) for each matter
species; here, I will restrict to the case where only one species is present, and a subscript
m will denote the matter quantities. A generalisation to the case where multiple matter
species are present is discussed in Appendix A of [75]. The no-ghost conditions are
affected by the dependence of the disformal factor on X: we get
α ≡ αK + 6α2B + 3αeffD,m Ωm ≥ 0 , (4.21)
αeffD,m ≡ αD,m(1 + αX,m)2 + αX,m(2 + αX,m) +
1
2Cm
∂2Dm
∂N2
. (4.22)
The qualitatively new phenomenon emerges when considering the propagating degrees
of freedom. Requiring that the determinant of the kinetic matrix vanishes, we get a
dispersion relation of the form
(ω2 − c2sk2)(ω2 − c2mk2) = λ2c2s ω2k2 , (4.23)
where
c2s ≡
αK + 6α
2
B
α
c2s,0 −
3
[
1 + wm(1 + αD,m)
]
Ωm
α
(
1 + αH
)2
, (4.24)
and the parameter λ2 on the right-hand side is defined as
λ2 ≡ 3
αc2s
[
1 + (1 + αD,m)wm
]
Ωm (αH − αX,m)2 . (4.25)
When λ 6= 0, the two non-trivial solutions of the system are not given by the scalar and
matter degrees of freedom, ω2 = k2c2s and ω
2 = k2c2m. They are rather mixed states of
matter and the scalar propagating at speeds c2± that can be found solving (4.23). These
two must satisfy the stability conditions
c2± ≥ 0 . (4.26)
Thus, in this case the scalar affects also the sound speed of matter. Since the latter is
defined as δpm = cmδρm, we can think of it as an additional source of pressure. This
feature is particularly surprising if one thinks that in general we are able to decouple
the gravitational sector from matter by going at sufficiently short distances - this is the
Jeans phenomenon. As can be seen from the dispersion relation (4.23), the amount of
mixing is quantified by the parameter λ, given by a combination of the beyond-Horndeski
function αH and the X-dependent part of the disformal coupling αX,m. This feature is
physically very interesting for the interpretation of the effect. Let me recall explicitly the
transformation of the relevant parameters under a change of the metric of the form (3.9)
(the complete transformation of the other functions can be found in Sec. (2.3) of [75]):
α˜T = (1 + αT)(1 + αD)− 1 ,
α˜H =
αH − αX
1 + αX
,
α˜D,m =
αD,m − αD
1 + αD
,
α˜X,m =
αX,m − αX
1 + αX
.
(4.27)
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Remarkably, one can start with a theory where matter is disformally coupled and the
beyond Horndesky parameter αH is absent, and find a transformation that sets αX,m to
zero and at the same time generates a non vanishing αH without changing the propaga-
tion speed of the gravitons. The inverse is also true: a non vanishing beyond Horndeski
parameter can be eliminated generating an X-dependent disformal coupling. As an ex-
ample, consider the disformal coupling of matter Dm = −(X + ˙¯φ2(t))/ ˙¯φ2(t). In the
absence of a conformal coupling, this yields αD,m = 0 and αX,m = 1, since X¯ = − ˙¯φ2(t).
Thus, the transformation to Jordan frame leaves αT (and hence the speed of gravitons)
unchanged.
Using the remaining transformation between the two frames, moreover, the parameter
λ can be shown to be frame-independent , thus probing that the kinetic mixing between
matter and the scalar is a truly physical effect. I will call this Kinetic Matter Mixing
(KMM) and show that it has rather unique observational effects in Chapter 6. In the
Jordan frame, where the coupling is minimal, KMM is encoded in the beyond Horndeski
parameter αH. As we saw, we can also find a frame where αH is vanishing and matter
has a disformal coupling to the metric that depends on the derivative of the field.
4.6 Higher-order theories
Theories that further generalise the previous cases require a more thorough investigation.
As we saw, the action with β1 = β2 = β3 = 0 does not explicitly include derivatives
of the lapse perturbation δN , while setting also αL to zero prevents to have higher
spatial derivatives of ζ in the final action. If we want to cover linear perturbations of
DHOST theories, we have to introduce the four above operators altogether. In fact, one
could start from the covariant formulation of DHOST, Eqn. (1.26), and work out the
action for linear perturbations in unitary gauge. This is given by an expression of the
form (2.25), and the explicit calculation can be found in Sec. 2.2 of [46]. The functions
α and β appearing in (1.26) are given by combinations of the functions aA, f2 and f2,X
evaluated on the FLRW background. Explicitly, for quadratic DHOST we have (the
cubic case is discussed in Appendix A of [46]):
M2
2
= f2 − a1X , M
2
2
(1 + αT) = f2 ,
M2
2
(1 + αH) = f2 − 2Xf2X ,
M2
2
(
1 +
2
3
αL
)
= f2 + a2X ,
M2
2
β2 = −X
(
a1 + a2 + (a3 + a4)X + a5X
2
)
,
2M2β1 =X(4f2X + 2a2 + a3X) ,
M2
2
β3 = −X(4f2X − 2a1 − a4X) .
(4.28)
The expressions above already allow to draw some conclusions about the viability of
some classes of quadratic DHOST theories.
• No propagating gravitons. If a1 = f2/X, one sees immediately that M = 0. This
time-dependent Planck mass is defined as the normalisation of the action for the
gravitons, i.e. the coefficient of their kinetic term, as can be seen from (2.25)
and (4.8). Thus the theory does not contain tensorial degrees of freedom and
should be discarded. There are three classes of theories with this feature: Ib, IIb
and IIIc.
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• No spatial gradient for the gravitons. This is the case if f2 = 0, since the spatial
curvature R disappears [39] (see the action (1.26)), and so does the gradient term
for γij , as can be seen from Eqn. (4.7). This means that the propagation speed
for gravitational waves is zero, or equivalently, αT = −1. This happens in classes
IIIa and IIIb. Note that these also verify the property αH = −1.
Therefore from a phenomenological point of view, the remaining classes, Ia and IIa,
appear to be the most interesting. In Sec. 3.3 I pointed out that theories in class Ia are
equivalent to Horndeski+beyond Horndeski with matter conformally and disformally
coupled. Theories in class IIa are instead a genuinely new class.
Let me now discuss the degeneracy conditions found in Sec. 1.4.3 at the covariant level.
These are translated into conditions on the functions α and β through Eqn. (4.28). We
found that the fully nonlinear degeneracy conditions boil down to two sets of very simple
conditions for the free functions α and β appearing in the quadratic perturbative action.
Depending on the DHOST theory under consideration, these satisfy either
CI : αL = 0 , β2 = −6β21 , β3 = −2β1 [2(1 + αH) + β1(1 + αT)] , (4.29)
or the set of conditions
CII : β1 = −(1 + αL)1 + αH
1 + αT
, β2 = −6(1 + αL)(1 + αH)
2
(1 + αT)2
, β3 = 2
(1 + αH)
2
1 + αT
,
(4.30)
where I assumed that αT 6= −1 in the latter case (otherwise6 one should use a regular
version of the conditions obtained by multiplying both sides of the equalities by the
denominator of the right hand side). In particular, theories in class Ia satisfy CI while
theories in class IIa satisfy CII. It is immediate to see that both sets of conditions share
the common condition
CU : (1 + αL)β2 = −6β21 , (4.31)
which plays a special role in the unitary gauge, as we will see later. I summarise the
situation for the quadratic DHOST theories in Table 4.1.
One can also recover directly the conditions CI and CII by rewriting the three degeneracy
conditions (1.43) in terms of the seven parameters M2, αL, αH, αT and βA inverting the
equations (4.28), as we show in Appendix B of [46]. We also generalised the discussion
presented in this section to DHOST theories up to cubic order. It can be found in
Appendix A of [46].
4.6.1 Propagating degrees of freedom on Minkowski space
It is instructive to consider the Minkowski limit first, as it encodes all the relevant
physical information that can be later generalised. In a cosmological context, this is
equivalent to consider modes with frequencies and wave numbers much higher than the
cosmological ones. In this case, all the functions α’s and β’s, as well as M2, are constants,
while we can redefine the functions αK and αB by M
2
K = H
2αK, MB = HαB and then
take the limit a = 1, H = 0. As in this case plane waves are eigenfunctions of the
6As I already pointed out, a model for which αT = −1 is very peculiar since the speed of gravitational
waves vanishes.
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Subclass (see [36]) # free functions Degeneracy Remarks
2N-I/Ia 3 I H, bH & conf-disf transf
2N-II/Ib 3 0
2N-III/IIa 3 II
2N-IV/IIb 3 0
2M-I/IIIa 3 II αT = αH = −1
2M-II/IIIb 3 II αL = αT = αH = −1
2M-III/IIIc 4 0
Table 4.1: Subclasses of DHOST theories, using the classification of Ref. [36]. Second
column: number of free functions among f2, aA. In the degeneracy column, 0 stands
for M2 = 0, i.e. there are no tensor modes.
system, we can find a dispersion relation simply considering perturbations of the form
(N(t,x), ζ(t,x), ψ(t,x))† = e−iωt+ik·x(N(ω,k), ζ(ω,k), ψ(ω,k))†, and requiring that the
determinant of the resulting quadratic Lagrangian vanishes. This yields
E1 ω4 +
(E2k2 + E3)ω2 + E4k4 + E5k2 = 0 , (4.32)
with the coefficients
E1 = 3
[
(1 + αL)β2 + 6β
2
1
]
,
E2 = 6
[
2(1 + αH) + (1 + αT)β1
]
β1 + αL(1 + αT)β2 + 3(1 + αL)β3 ,
E3 = 3
[
(1 + αL)M
2
K + 6M
2
B
]
,
E4 =− αL
[
2(1 + αH)
2 − (1 + αT)β3
]
,
E5 = (1 + αT)
(
αLM
2
K + 6M
2
B
)
.
(4.33)
In the general case, the dispersion relation is a quartic polynomial in ω with only even
powers, which means that there are two solutions for ω2, corresponding to the presence
of two scalar modes, as expected. In particular, the two parameters β1 and β2 contribute
to the highest order coefficient in ω, which is consistent with their interpretation of a
“kinetic” and “braiding” contribution I gave in Sec. 2.4. Interestingly, the structure of
the coefficient E1 is the same as that of E3 with β1 and β2 playing the role of αB and αK,
respectively (reminding that MB ≡ HαB and M2K ≡ H2αK). Note also that the highest
term in spatial derivatives disappears when αL = 0.
If the condition E1 = 0 is satisfied, then only a single scalar mode remains. This
amounts to impose the condition CU in Eqn. (4.31). It is also instructive to look for
cases where 4.32 can be reduced to a standard linear dispersion relation of the form
ω2 = c2s k
2. This can be achieved by setting E2 = 0 and E4 = 0. Solving the above
conditions, we obtain that they are equivalent to impose either CI (4.29) or CII (4.30).
In both cases, the dispersion relation takes the very simple form
ω2 − c2sk2 = 0, c2s ≡ −
1
3
(1 + αT)(6M
2
B + αLM
2
K)
M2K(1 + αL) + 6M
2
B
. (4.34)
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To summarise, we found that requiring to have a standard dispersion relation for one
propagating mode in unitary gauge leads to impose the same degeneracy conditions
found at the covariant level appropriately expressed in terms of the free functions of the
effective description. However, the fact that a single scalar mode remains when CU is
imposed is valid only for linear perturbations in unitary gauge; if this is not the case,
one should expect the presence of an additional propagating mode that doesn’t show up
here. To ensure the the extra mode is absent at any level, one has to impose the full
degeneracy conditions CI or CII.
4.6.2 Unitary gauge analysis in cosmology and gradient instablilities
Here I generalise the discussion to the cosmological case. The details of the calculations
are in Sec. 4 and Appendix D of [46]. Differently from the Horndeski and beyond
Horndeski cases, when αL 6= 0, the action contains terms quadratic in ∂ψ,7 where ψ
has been defined in Eqn. (4.11), N i = δij∂jψ. The scalar component of the momentum
constraint becomes then a linear equation in ∂ψ and we should use it to solve for ψ
(rather than δN as in the case αL = 0). The remaining action in general describes two
propagating degrees of freedom, with a kinetic part in the variables (ζ˙, ˙δN) described
by the matrix
M =
6(1 + αL) −6β1
−6β1 6β21 + αLβ2
 . (4.35)
If the above matrix has vanishing determinant, we can find a null eigenmode that is not
a propagating degree of freedom. This amounts to impose the condition
0 = det[M] = 36β21 + 6β2 (1 + αL) ⇒ β2 = −
6β21
1 + αL
(CU) , (4.36)
which, not surprisingly, is the same found from the dispersion relation on Minkowski (4.31).
The action is diagonalised by the transformation
ζ˜ = ζ − β1
1 + αL
δN , (4.37)
which represents the propagating degree of freedom in this case. Varying the action
with respect to δN yields now another constraint,
δN =
˙˜
ζ
H(1 + αB)− β˙1
, (4.38)
which generalises equation (4.13) and can be used to integrate out δN . After a spatial
Fourier transform, the final action has the form (kˆ ≡ k/a):
S =
1
2(2pi)3
∫
dt d3k
a3M2
M22 + kˆ2S22
[(
c1,0 + c1,2kˆ
2
)
˙˜
ζk
˙˜
ζ−k +
c2,2kˆ
2 + c2,4kˆ
4 + c2,6kˆ
6
M22 + kˆ2S22
ζ˜k ζ˜−k
]
.
(4.39)
7I will discuss here this more general case; the case αL = 0 can be obtained at the end taking the
smooth limit αL → 0.
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The explicit expression for the coefficients is not important for the present discussion
and can be found (including also the matter contributions) in Appendix D of [46].
The above action describes a scalar field with a dispersion relation ω2 = ω2(k2) that is
in general a rational function of k2. This generalises the case of flat space analysed in
the previous section to the cosmological context. Again, we can look for cases where
the dispersion relation has the standard form ω2 = c2s k
2. As in the case of Minkowski,
using the explicit form of the coefficients ci,j , one finds two solutions corresponding to
the cases CI (4.29) and CII (4.30). In this case the action takes the usual form,
S =
∫
d3x dt a3
M2
2
[
Aζ˜
˙˜
ζ2 +Bζ˜
(∂iζ˜)
2
a2
]
. (4.40)
The explicit form of the coefficients Aζ˜ , Bζ˜ can be found in Eqns. (4.9)-(4.10) of [46] for
theories CI, and in Eqn. (4.26) for theories CII. Absence of instabilities requires that the
coefficients in the action satisfy
Aζ˜ ≥ 0 , Bζ˜ ≤ 0 . (4.41)
A very important result follows from the above conditions for theories CII (4.30). The
explicit expression of Bζ˜ reads
Bζ˜ = 2(1 + αT) (CII) . (4.42)
According to the stability condition (4.41) for the scalar mode, the above expression
should be negative. On the other hand, (1 + αT) corresponds to the square of the
propagation speed of gravitons c2T , defined in Eqn. (4.8). This quantity should therefore
be positive to guarantee stability in the tensorial sector. It follows that theories satisfying
the condition CII necessarily develop a linear gradient instability either in the scalar or
in the tensor sector. We can thus conclude that these theories are unviable.
Let me finally point out another important result. The action 4.39 implies that ζ˜
is conserved in the long wavelength limit, i.e.
˙˜
ζ ≈ 0 for k  aH. The constraint
equation (4.38) implies that δN vanishes in the same limit. It follows from the defini-
tion (4.37) that ζ is conserved on large scales,
ζ˙ ≈ 0 (k  aH) . (4.43)
4.6.3 Including matter
DHOST theories have their structure preserved by a conformal-disformal transformation
of the form (3.7), where both the conformal and disformal factors depend on the scalar
field and its gradient. This is the third case considered in Sec. 3.3. We can thus couple
matter to a metric of the form (3.7). Assuming no violations of the WEP, the matter
sector is characterised by all the four functions (3.14), αC,m, αD,m, αX,m, αY,m. The
calculation in this case proceeds exactly as in the case without matter that I summarised
in Sec. 4.6.2, but this time one has to take into account the matter fields as well. The
explicit calculation can be found in Appendix D of [46]. At the end, one gets an action
analogous to (4.39) (equation D.16 of [46]) with coefficients that are in general ratios of
polynomials in k2, and only imposing the “full” degeneracy conditions CI and CII a local
form of the coefficients is recovered.
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Let me comment on theories satisfying the conditions CI. One gets a dispersion relation
of the form (4.23), where the sound speed in presence and absence of matter appro-
priately generalise the ones introduced in Eqns. (4.20)-(4.24) (see equations D.23-D.25
of [46]). Hence we don’t have qualitatively new physical phenomena; we find again a mix-
ing between the scalar and matter propagating modes, with a frame-invariant parameter
λ quantifying such mixing, introduced in Eqn. D.24 of [46]. This result is in agreement
with the fact that we can re-map theories satisfying CI into theories belonging to the
Horndeski and beyond-Horndeski class with a conformal-disformal transformation.
As for theories satisfying the conditions CII, the gradient instability found in Sec. 4.6.2
is not cured by the presence of matter.
Another very interesting result follows from the computation of the Poisson equation in
the Newtonian limit. This is obtained proceeding as in Sec. 4.6.1 and further taking the
limit ω = 0. For completeness, one can add a test particle of mass m which is minimally
coupled to the metric. The 3 × 3 kinetic matrix for the variables δN , ζ and ψ yields
three equations that can be combined to get a generalised Poisson equation. In terms
of the gravitational potential Φ, this reads (for details, see Sec. 3.2 of [46]):
M2
[
2
(1 + αH)
2
1 + αT
− β3
]
∇2Φ +M2
(
M2K + 6
M2B
αL
)
Φ = mδ(3)(x) , (4.44)
where ∇2 ≡ δij∂i∂j denotes the Laplacian and δ(3)(x) is the three dimensional delta
function. The coefficient in front of∇2Φ in the above equation corresponds to (4piGN)−1,
where GN is the effective Newton constant. For DHOST theories with αL 6= 0 (such as
those satisfying CII), we see immediately that the coefficient in front of the Laplacian in
the Poisson equation vanishes, because of (4.30), which means that the effective Newton
constant in the linear regime is infinite. Hence, besides developing gradient instabilities,
theories satisfying CII seem also to fail in recovering a viable Newtonian limit (even if this
result should be checked in the nonlinear regime and around a non trivial background.)
If instead αL = 0, one obtains the generalized Poisson equation
M2
[
2
(1 + αH)
2
1 + αT
− β3
]
∇2Φ +M2M2KΦ = mδ(3)(x) . (4.45)
For DHOST theories that satisfy the conditions CI but not CII, one thus gets a finite
Newton constant GN in the linear regime
8piGN =
1
M2
[
(1 + αH)
2
1 + αT
− β3
2
]−1
. (4.46)
In conclusion, we found that among the very large number of DHOST theories, only
those satisfying the conditions CI (that are related to Horndeski and beyond Horndeski
via conformal or disformal transformations) are phenomenologically viable.
Chapter 5
Phenomenology of Interacting
Dark Energy
In this Chapter, I consider a model belonging to the first case analysed in Chapter 3, i.e.
a gravitational sector described by a Horndeski theory with CDM having a conformal-
disformal coupling that depends on the scalar field only, Eqn. 3.8. I introduce the
relevant equations to be solved, the minimal set of parameters needed to fully describe
linear perturbations in the quasi-static approximation, and present Fisher matrix fore-
casts for the constraining power of future surveys for those [92].
To discuss the phenomenology, it is convenient to use a gauge where a more direct
connection to the physics can be made. One can leave the unitary gauge description
introduced previously, by “covariantizing” the action. This can be done explicitly by
performing a time reparametrization of the form
t→ φ = t+ pi(t,x) , (5.1)
where the unitary time t becomes a four-dimensional scalar field φ. I denote by pi
the fluctuation of φ. By substituting the above transformation into the total action
S = Sg + Sm, one obtains an action that depends on the scalar field φ and an arbitrary
metric gµν .
To study cosmological perturbations, I then fix the Newtonian gauge with only scalar
perturbations, i.e.,
ds2 = −(1 + 2Φ)dt2 + a2(t)(1− 2Ψ)δijdxidxj . (5.2)
As for matter, in this gauge the scalar part of the stress-energy tensor for each species,
at linear order, is
T(I)
0
0 ≡ −(ρI + δρI) , (5.3)
T(I)
0
i ≡ ρI(1 + wI)∂ivI = −a2T(I)i0 , (5.4)
T(I)
i
j ≡ (ρIwI + δpI)δij +
(
∂i∂j − 1
3
δij∂
2
)
σI , (5.5)
where δρI and δpI are the energy density and pressure perturbations, vI is the 3-velocity
potential and σI is the anisotropic stress potential for the species I. In the following,
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I use the density contrast δI ≡ δρI/ρI and consider species with vanishing anisotropic
stress.
In principle, the gravitational action contains five non-independent scalar equations: the
(0, 0), (0, i), (ii) and traceless components of the Einstein equations and the equation
for the scalar field φ. These can be combined to yield two independent equations for
the metric potentials Φ and Ψ, sourced by the matter perturbations. The first one is a
second order differential equation for Ψ, while the second is a constraint equation relat-
ing Φ and Ψ. The corresponding full equations have been derived first in [54] and then
in [10] for Horndeski theories and extended to the case of αH in [85]. Their expression
in the case of the model treated in this Chapter can be found in Sec. 4.1 of [74].
To close the system, one needs to specify the evolution equations for the matter per-
turbations. These are derived from the invariance of the matter action under arbitrary
diffeomorphisms; if matter is minimally coupled, this yields the usual conservation equa-
tion for the energy-momentum tensor, while if a non minimal coupling is present there
can be an exchange of energy between matter and the scalar field. I will study a con-
crete case in the rest of this Chapter. Using the decomposition (5.3)-(5.5) and assuming
vanishing anisotropic stress, the equations of matter are two first order equations for
the density contrast δI (continuity equation) and for the velocity potential vI (Euler
equation).
5.1 Model and main equations
In the late universe, the only relevant matter species are CDM and baryons. Here,
I consider the case where CDM admits a non trivial coupling to the metric while the
baryons are minimally coupled, and assume without loss of generality that the metric gµν
corresponds to this frame1. The gravitational sector is described by an action belonging
to the Horndeski class, i.e. Eqn. (2.25) with αH = αL = β1 = β2 = β3 = 0. The coupling
of CDM to gravity and dark energy is characterised by the effective metric
gˇ(c)µν ≡ Cc(φ)gµν +Dc(φ)∂µφ∂νφ , (5.6)
from which we have the conformal and disformal parameters introduced in (3.14):
αC,c ≡ C˙c
2HCc
, αD,c ≡ Dc
Cc −Dc . (5.7)
In the following, I will also call the coupling (5.6) “non minimal coupling” to distinguish
it from that of the baryons. In summary, linear perturbations are characterised by the
six free functions
αK, αB, αM, αT, αC,c, αD,c . (5.8)
The equations of motion for the metric are obtained by varying the total action (after
having applied the time reparametrisation (5.1)) with respect to gµν ,
δS
δgµν
= 0 , (5.9)
1If not, one just needs to apply a metric transformation to reach this frame. The transformations
of all the relevant quantities can be found in Sec. (2.5) of [74].
Phenomenology of Interacting Dark Energy 46
which provides the generalised Einstein equations. Their explicit form in Newtonian
gauge can be found in Appendix C of [74].
Since baryons are minimally coupled, their evolution is just given by the standard con-
servation equation
∇µT(b)µν = 0 . (5.10)
To write the equations of motion for CDM, one can use the invariance of the matter
action Sc under arbitrary diffeomorphisms, x
µ → xµ + ξµ. This gives an expression of
the form2
∇µT(c)µν +Qc∂νφ = 0 , (5.12)
Qc ≡ − 1√−g
δSc
δφ
= − C
′
c
2Cc
T(c) −
D′c
2Cc
Tµν(c)∂µφ∂νφ+∇µ
(
Tµν(c)∂νφ
Dc
Cc
)
, (5.13)
where a prime denotes a derivative with respect to φ. The explicit form of these equations
for baryons and CDM in Newtonian gauge can be found in Eqns. (4.8)-(4.9) of [74],
while those for a generic fluid in Eqns. (3.16)-(3.17) of the same Article. Finally, the
evolution equation for φ can be obtained by variation of the total action with respect
to φ, δS/δφ = 0. One obtains
1√−g
δSg
δφ
−Qc = 0 . (5.14)
The explicit form of the above equation is in Eqn. (C.7) of [74].
5.1.1 Background evolution
On the background, the evolution equations (5.10)-(5.12) written in terms of the baryons
and CDM energy fractions Ωb,c ≡ ρb,c/(3H2M2), are
Ω˙b = −H
(
3 + 2
H˙
H2
+ αM
)
Ωb , (5.15)
Ω˙c = −H
(
3 + 2
H˙
H2
− 3γc + αM
)
Ωc . (5.16)
All the information about the non minimal coupling is encoded in the parameter γc
3,
γc =
1
3
αC,c +
α˙D,c
6H(1 + αD,c)
. (5.17)
The presence of the coefficient αM is due to the fact that the mass M can be time-
dependent. As already mentioned, at the background level the dark energy can be
defined by giving a specific time evolution for the Hubble parameter. I assume that the
2The explicit expression for Qc in a FLRW background is [74]
Q¯c =
Hρc
1 + αD,c
{
αC,c + αD,c
(
3 +
ρ˙c
Hρc
)
+
α˙D,c
2H(1 + αD,c)
}
. (5.11)
3Defined as Q¯c = 3Hρcγc.
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expansion history corresponds to that of wCDM, so that H is given by
H2(a) = H20
[
Ωm,0a
−3 + (1− Ωm,0)a−3(1+w)
]
, (5.18)
where w is a constant parameter.4 In the absence of modifications of gravity and non
minimal couplings, i.e. for αM = γc = 0, w coincides with the equation of state of dark
energy. With this parametrisation and for w ∼ −1, the background expansion remains
close to ΛCDM, even when αM or γc are switched on and matter does not scale as a
−3
(see eqs. (5.15) and (5.16)).
5.1.2 Perturbations in the quasi static regime
In this section, I discuss the phenomenology of perturbations on scales where the so-
called “quasi-static approximation” holds. Roughly speaking, this corresponds to con-
sidering scales where the time derivatives in the Einstein equations can be neglected
with respect to the spatial ones. This argument can be made rigorous and it can be
shown that it is justified for spatial scales smaller than the sound horizon of dark en-
ergy, i.e. k  aH/cs [85, 86]. In this regime, all the scalar perturbations Φ, Ψ, pi obey
Poisson-like equations. One obtains a system of equations for six independent variables:
the two metric potentials Φ and Ψ, and the density contrasts (δb, δc) and velocities (vb,
vc) for baryons and CDM.
Let me define the total matter density contrast δm = ωcδc+ωbδb, where ωb,c ≡ Ωb,c/Ωm.
An analogous definition holds for the velocity potential: vm = ωcvc+ωbvb. The equations
for the scalar field and the metric potentials can be written as:
∇2
a2
Φ =
3
2
H2ΩmµΦδm , (5.19)
∇2
a2
Ψ =
3
2
H2ΩmµΨδm , (5.20)
∇2
a2
pi = 3HΩm
βξωbδb + (βξ + βγ)ωcδc√
2csα1/2
, (5.21)
while the continuity and Euler equations take the form:
δ˙b = −∇
2
a2
vb , (5.22)
δ˙c = −∇
2
a2
vc , (5.23)
v˙b = −Φ , (5.24)
v˙c + 3Hγcvc = −Φ− 3Hγcpi . (5.25)
The relations between these quantities are summarised in Figure 5.1. The functions µΦ
and µΨ introduced in Eqns. (5.19)-(5.20) have the explicit expressions
µΦ = 1 + αT + βξ
(
βξ + βγωcbc
)
, (5.26)
µΨ = 1 + βB
(
βξ + βγωcbc
)
. (5.27)
4This choice of parametrisation for the background is motivated by the fact that observations suggest
that the recent cosmology is very close to ΛCDM, which corresponds to w = −1, and deviations from
ΛCDM in the expansion history are usually parametrised in terms of w 6= −1.
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Figure 5.1: Relation between the matter and gravitational perturbations in the in-
teracting CDM model.
I introduced the parameters5
βγ ≡ 3
√
2
csα1/2
γc , βξ ≡
√
2
csα1/2
ξ ≡
√
2
csα1/2
[αB(1 + αT) + αT − αM] , βB ≡
√
2αB
csα1/2
,
(5.28)
α and cs were introduced in equations (4.17) and (4.18), and bc ≡ δc/δm is a time-
dependent bias between the CDM and the total matter density contrast6. As one can see,
modified gravity and a non minimal coupling affect the equations for the two potentials
in the following way:
• The coupling between the potentials and the metric is altered with respect to GR.
The modification is encoded in the function µΨ in Eqn. (5.20), defined so that in
GR µΨ = 1. An analogous quantity µΦ can be defined for the Poisson equation for
Φ, Eqn. (5.19). In the absence of nonminimal coupling of CDM, the gravitational
coupling µΦ is given by µΦ = 1 + αT + β
2
ξ . If αT ≥ 0 , this quantity is always
larger than one, which tends to enhance the growth of structure.
• The relation between the two metric potentials is non trivial. In GR, one simply
has Φ = Ψ (and µΨ = µΦ = 1). In general, one can combine Eqns (5.19) and (5.20)
to get another Poisson-like equation for the sum of the two potentials:
∇2
a2
(Φ + Ψ) =
3
2
H2Ωm (µΦ + µΨ) δm . (5.29)
• The non minimal coupling introduces extra friction and an additional “fifth-force”
term in the Euler equation for CDM, Eqn (5.25). This is the result obtained
in the context of coupled dark energy (see e.g. [87]). If there is a non trivial
coupling of CDM but gravity itself is not modified, than the Newton constant is
not modified, µΦ = µΨ = 1, and Φ and Ψ are the same as in GR, even if CDM is
nonminimally coupled. Note that in the equations for matter, all the modifications
are encoded in the single parameter γc. Therefore, it is not possible to disentangle
5The parameter βγ generalizes the parameter β defined for coupled quintessence in Sec. 5.3.4 of [71].
In this case, the relation between the two parameters is βγ = −
√
2β.
6In the quasi-static limit, the evolution equations are scale independent so that the ratios δb/δm and
δc/δm do not depend on scales. Note also that the bias parameter introduced here is different from the
bias between the total matter density and the galaxy density, that I am going to introduced later.
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the conformal and disformal effects. This is due to the fact that the non minimally
coupled species is pressureless and that we are in the quasi-static regime.
One can combine Eqns. (5.19)-(5.25) to obtain two coupled second-order differential
equations for the two density contrasts:
δ¨b + 2Hδ˙b =
3
2
H2Ωm
{
(1 + αT + β
2
ξ )ωbδb + [1 + αT + βξ(βξ + βγ)]ωcδc
}
,
(5.30)
δ¨c + (2− 3γc)Hδ˙c = 3
2
H2Ωm
{
[1 + αT + βξ(βξ + βγ)]ωbδb +
[
1 + αT + (βξ + βγ)
2
]
ωcδc
}
.
(5.31)
Since equations (5.30)–(5.31) are independent of the wavenumber k, one can factorize the
time dependence from the k dependence of the initial conditions and write the solutions
in the form
δc(t,~k) = Gc(t) δc,0(~k) , δb(t,~k) = Gb(t) δb,0(~k) , (5.32)
where δc,0 and δb,0 represent the initial density contrasts for CDM and baryons respec-
tively, defined at some earlier time in the matter dominated era (the choice of initial
conditions is described in the next section). The two functions of time Gc(t) and Gb(t)
are the growth factors for CDM and baryons, respectively.
I will solve equations (5.30)–(5.31) to analyse linear perturbations in the quasi static
regime. Let me conclude with some remarks. Modifications of gravity exchanged by
pi are parametrized by βξ and the nonminimal coupling of CDM is parametrized by
βγ . This separation of effects is not physical and depends on the choice of frame.
The modification of gravity associated with the parameter αT does not depend on the
exchange of pi [88] (see also [89] for a discussion on local constraints of this effect), and
does not mix with the other two effects under change of frame. Finally, note that the
parameter α always appears multiplied by c2s. From the definition of the sound speed,
eq. (4.18), c2sα is independent of αK. This is a consequence of dropping time derivatives
in the fluctuations of pi to reach the quasi-static regime, so αK cannot be constrained
by observations in this regime ([90], [92]).
In summary, the phenomenology in the quasi-static limit for baryons and nonminimally
coupled CDM is captured by the reduced set of parameters:
αK, αB, αM, αT, αC,c, αD,c 7→ αB, αM, αT, γc . (5.33)
5.2 Solving the equations: parametrization and initial con-
ditions
In the effective descriptions, the free functions are time dependent, so one has to choose
a parametrisation in order to solve Eqns. (5.30)-(5.31). I will assume that the functions
αB, αM and αT share the same time dependence :
αA = αA,0
1− Ωm(t)
1− Ωm,0 (5.34)
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A = B,M, T and αA,0 denote the current values of these parameters. These are the free
parameters of the effective description which I will constrain. The time dependence of γc
is chosen by assuming that the parameter βγ , defined in eq. (5.28), is time-independent,
so that
γc(t) =
βγ
3
√
2
cs(t)α
1/2(t) . (5.35)
This choice of parametrisation allows to include coupled quintessence [91] as a special
case, or more generally other cases where the nonminimal coupling of CDM remains
active also when the dark energy density becomes negligibly small, since one can have
csα
1/2 = 0 while βγ 6= 0. Moreover, csα1/2 vanishes in matter domination. Therefore,
when Ωm → 1, then αA → 0 and γc → 0, which corresponds to the standard matter
dominated phase for the background evolution. However, while modifications of gravity
switch off in this limit (i.e. αB, αM, αT → 0), the nonminimal coupling parametrised by
βγ remains active. The details of the parametrisation and of the time-dependence are
discussed in Section 4 and App. A of [92].
In particular, let me briefly discuss the time dependence of c2sα. Its expression is given
in general by Eqn. (4.18), where one should sum over baryons and CDM. Explicitly, we
can write it as
c2sα = (1 + αB)(3− 3η − 2ξ)− 3Ωm − 2
α˙B
H
, (5.36)
where ξ = αB(1 + αT) + αT − αM, and
η ≡ 1
3
(
3 + 2
H˙
H2
)
= −w (1− Ωm,0)a
−3w
Ωm,0 + (1− Ωm,0)a−3w , (5.37)
By using Eqn. (5.34) and the background evolution equations (5.15) and (5.16) to eval-
uate α˙B in (5.36), this can be written as
c2sα = 3(1− Ωm − η)+αB
[
1− 3η
(
1 + 2
Ωm
1− Ωm
)
− 2(αM − 3γc ωc) Ωm
1− Ωm
]
− 2α2B − 2αT
(
1 + αB
)2
+ 2αM(1 + αB) ,
(5.38)
Finally, one can replace γc by its expression (5.35) given in terms of csα
1/2. The equation
(5.38) is thus a quadratic equation for X ≡ csα1/2. One can extract the relevant solution.
This is done explicitly in App. A of [92].
The background evolution has been discussed in Sec. 5.1.1 and it is given by equa-
tion (5.18).
Let me also comment on the initial conditions needed to solve Eqns. (5.30)-(5.31). I start
the evolution during matter domination, where Ωm ' 1 and αA ' 0 (A = B,M, T ).
This also implies that γc ' 0 and βξ ' 0. Thus, at the background level there are no
deviations from ΛCDM, while the perturbations equations (5.30)-(5.31) in this limit are
δ¨b + 2Hδ˙b ' 3
2
H2 [ωbδb + ωcδc] , (5.39)
δ¨c + 2Hδ˙c ' 3
2
H2
[
ωbδb +
(
1 + β2γ
)
ωcδc
]
, (5.40)
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where ωb,c are constant. The solutions of the above system can written as
δb = bb,in δm , δc = bc,in δm, (5.41)
with constant and scale-independent bias parameters given by
bb,in =
1 + β2γωc −
√
4β2γω
2
c + (1− β2γωc)2
2β2γωcωb
, bc,in =
−1 + β2γωc +
√
4β2γω
2
c + (1− β2γωc)2
2β2γω
2
c
.
(5.42)
The respective growth functions Gc and Gb are identical, solutions of the equation
G¨+ 2HG˙− 3
2
H2
(
1 + β2γω
2
c bc,in
)
G = 0 . (5.43)
I set initial conditions on the growing mode, G+. This analysis also shows that baryons
and CDM possess spectra that are initially proportional and then grow similarly.
5.3 Observables
In the next section, I will present constraints based on a Fisher matrix analysis applied to
three observables that are targets of future surveys: the galaxy and weak lensing power
spectra [93, 94] and the correlation between the ISW effect in the CMB and the galaxy
distribution [95]. Here, I give an analytical understanding of the effects of modifications
of gravity on these observables and the expression for their Fisher matrices.
5.3.1 Galaxy clustering
The observed number density of galaxies in redshift space can be related to the one in
real space by a term that depends on the line-of-sight component of the galaxy’s peculiar
velocity, vg,z (see e.g. [96]),
δg,s = δg − 1
aH
∇zvg,z . (5.44)
To compute the above quantity, we need to obtain an expression for the peculiar velocity
of the galaxy, vg. Let me show how to do so. The idea is to relate the peculiar velocity
vg to the CDM and baryon fluid velocities vb, vc that satisfy the Euler equations (5.24)-
(5.25).
1. I shall effectively treat galaxies as test particles moving in the Hubble flow (see
e.g. [97]). They are composed by baryon and CDM mass fractions xb ≡ Mb/Mg
and xc ≡ Mc/Mg (Mg ≡ Mb + Mc), respectively7. A representation of this toy
model is given in figure 5.2. Newton’s law for the galaxy, including the fifth force
on the CDM component, can be written as (~vg = ~∇vg):
d
dt
(Mg~vg) = Mg~˙vg + 3HγcMc~vg = ~Fg = −Mg~∇Φ + 3HγcMc~∇pi. (5.45)
7In the following I assume the same baryon-to-CDM ratio for each galaxy and I set this to be the
background value, i.e. xc = ωc and xb = ωb. However, one could also consider different populations of
galaxies with different baryon-to-CDM ratios and study the effects of equivalence principle violations on
large scales between these different populations (see e.g. [98]).
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Figure 5.2: Toy-model of a galaxy made by baryons and CDM. The centres of mass
of the two components feel different forces due to the non minimal coupling of CDM
particles, and this result in an additional force felt by the galaxy.
In the first equality, I used the fact that in absence of screening the mass of the
CDM component in the galaxy is not conserved and obeys M˙c = 3HγcMc . The
last term on the right hand side can be rewritten in terms of the baryon and CDM
velocities using the Euler equations (5.24)-(5.25) with ~vb,c = ~∇vb,c. Doing so, one
obtains that the above equation is solved by
~vg = xc~vc + xb~vb . (5.46)
2. Then, one can use the continuity equations (5.22)-(5.23) in Fourier space to define
a growth rate for the CDM and baryons. This gives:
vb,c =
a2H
k2
fb,c δb,c , fb,c ≡ 1
δb,c
dδb,c
d ln a
, (5.47)
In such a way, one can finally express the peculiar velocity of the galaxy given by
Eqn. (5.46) as a function of the density contrasts of the baryons and CDM given
by the solutions of the system (5.30)-(5.31):
vg =
a2H
k2
(xcfc δc + xbfb δb) . (5.48)
One can then proceed as in the standard calculation and compute the galaxy power
spectrum in redshift space from the galaxy number density in real space, Eqn. (5.44).
This is given by
Pg,s(z,~k) =
(
bg(z)
2 + µ2feff(z)
)2
Pm(z, k) , (5.49)
where µ ≡ kz/k, and I have introduced the effective growth rate of the galaxy distribution
as
feff ≡ xcfc bc + xbfb bb , (5.50)
and the galaxy bias bg, defined as δg = bg δm. The matter power spectrum Pm(z, k) can
be written in terms of the growth functions of CDM and baryons using Eqn. (5.32).
Since δm = ωcδc + ωbδb, we have
Pm(z, k) = T
2
m(z)P0(k) , (5.51)
where
Tm(z) ≡ ωb(z) bb,inGb(z) + ωc(z) bc,inGc(z) (5.52)
Phenomenology of Interacting Dark Energy 53
is the matter transfer function, P0(k) is the initial power spectrum of matter fluctuations,
δm,0, during matter domination and bb,in, bc,in are defined in eq. (5.42). As the effects
of dark energy and modified gravity intervene at late times, the initial spectrum is
independent on modifications of gravity.
Finally, I include the corrections due to the Alcock-Paczynski effect. The observed power
spectrum reads [99]
Pobs(z; k, µ) = N (z)
[
bg(z) + feff(z)µ
2
]2
Pm(z, k) , (5.53)
where the normalization factor N (z) is given by
N (z) ≡ H(z)Dˆ
2
A(z)
Hˆ(z)D2A(z)
, DA(z) ≡ 1
1 + z
∫ z
0
dz˜
H(z˜)
, (5.54)
DA is the angular diameter distance, and a hat denotes that the corresponding quantity
is evaluated on the background.
I assume a spectroscopic redshift survey with Euclid-like characteristics [2]. I particular,
I assume a 15 000 squared degrees sky coverage, sliced in eight equally-populated redshift
bins8 between z = 0.5 and z = 2.1.
The corresponding Fisher matrix for a set of parameters θ reads
FLSSab (z) =
∑
bins
V
2(2pi)3
∫ kmax
kmin
2pik2dk
∫ 1
−1
dµ
∂ lnPobs(z; k, µ)
∂θa
∂ lnPobs(z; k, µ)
∂θb
, (5.55)
where V , kmin and kmax are, respectively, the comoving volume and the minimum and
maximum wavenumbers of the bin. In this formula I neglected the intrinsic statistical
error associated with the white shot noise from the Poisson sampling of the density field
[101]. However, to be conservative, I choose the maximum wavenumber kmax such that
the galaxy power spectrum dominates over the shot noise and we are well within the
linear regime9. For the minimum wavenumber, I assume kmin = 10
−3h Mpc−1.
5.3.2 Weak Lensing
A powerful cosmological probe for dark energy is weak lensing, which depends on the
so-called scalar Weyl potential, i.e. the sum of the two gravitational potentials Φ and
Ψ. In particular, I consider lensing tomography [102].
I assume a photometric survey of 15 000 squared degrees in the redshift range 0 < z <
2.5, with a redshift uncertainty σz(z) = 0.05(1 + z), and a galaxy distribution [103]
n(z) ∝ z2 exp
[
−
(
z
z0
)1.5]
, (5.56)
8the galaxy distribution is taken as the one given by [100] with a limiting flux placed at
4× 10−16 erg s−1 cm−2
9More specifically, for each redshift bin I take kmax as the minimum between pi/(2R), where R is
chosen such that the r.m.s. linear density fluctuation of the matter field in a sphere with radius R is
0.5, and the value of k such that n¯iPg(k) = 1, where n¯i is the number density of galaxies inside the bin.
These values of kmax are always smaller than H/(σg(1 + z)), with σg = 400 km s
−1, i.e. the scale where
the peculiar velocity of galaxies due to their virialized motion becomes important.
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where z0 = zm/1.412 and zm is the median redshift, assumed to be zm = 0.9 [104, 105].
I divide the galaxy distribution in 8 equally populated redshift bins. For each bin i,
I define the distribution ni(z) by convolving n(z) with a Gaussian whose dispersion is
equal to the photometric redshift uncertainty σz(zi), zi being the center of the ith bin
(see also [91, 106]). Each distribution ni(z) is normalised to unity,
∫∞
0 dz ni(z) = 1.
The angular cross-correlation spectra of the lensing cosmic shear is given by
CWLij (`) =
`
4
∫ ∞
0
dz
H(z)
Wi(z)Wj(z)
χ3(z)
k3` (z)PΦ+Ψ[z, k`(z)] , (5.57)
where χ(z) ≡ ∫ z0 dz/H(z) is the comoving distance and k`(z) ≡ `/χ(z) is the wavenum-
ber which projects into the angular scale `. I also used the lensing efficiency in each bin,
defined as
Wi(z) ≡ χ(z)
∫ ∞
z
dz˜ ni(z˜)
χ(z˜)− χ(z)
χ(z˜)
. (5.58)
PΦ+Ψ in Eqn. (5.57) is the power spectrum of Φ+Ψ. Using Eqn. (5.29) in Fourier space,
we can relate it to the matter power spectrum Pm:
PΦ+Ψ(z, k) =
[
−3a
2H2
2k2
Ωm (µΨ + µΦ)
]2
Pm(z, k) . (5.59)
Similarly to the matter case, we can define a transfer function for Φ + Ψ,
PΦ+Ψ(k) = T
2
Φ+Ψ(z, k)P0(k) , (5.60)
where
TΦ+Ψ(z, k) ≡ −3a
2H2
2k2
Ωm (µΨ + µΦ)Tm(z) . (5.61)
From the above equation, we see that the lensing is sensitive to the combination
µΨ + µΦ = 2 + αT + (βB + βξ)
(
βξ + βγωcbc
)
. (5.62)
Neglecting the shot noise error due to the intrinsic ellipticity of galaxies, the Fisher
matrix for the cross-correlation spectra in eq. (5.57) is given by [107, 108]
FWLab = fsky
`max∑
`=`min
2`+ 1
2
Tr
{
∂CWLij (`)
∂θa
[
CWLjk (`)
]−1∂CWLkm (`)
∂θb
[
CWLmi (`)
]−1}
, (5.63)
where I choose `min = 10 and `max = 300. Assuming Euclid-like characteristics [2] for
the galaxy density and intrinsic ellipticity noise, the chosen `max corresponds to scales
where the shot noise is negligible and perturbations are only mildly beyond the linear
regime at small redshift.
5.3.3 ISW-Galaxy correlation
As a third probe, I consider the cross-correlation between the ISW effect of the CMB
photons and the galaxy distribution, which is a valuable probe of dark energy and
of its clustering properties in the late-time universe (see e.g. [109, 110]). The galaxy
distribution is assumed to come from the same photometric survey as for weak lensing,
described in the previous section.
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The angular power spectra of the ISW effect and the cross-correlation spectrum depend
on the time evolution of the gravitational potentials. The ISW term is
∆T
T
ISW
(nˆ) = −
∫ ∞
0
dz
∂
∂z
(
Φ + Ψ
)
[z, nˆχ(z)] . (5.64)
As for galaxies, the projected galaxy overdensity in the bin i is given by [111]
gi(nˆ) =
∫ ∞
0
dz ni(z)bg(z)δm[z, nˆχ(z)] , (5.65)
With these definitions, the angular power spectra of the projected galaxy overdensity
and of the ISW effect are respectively given by
Cgalij (`) =
∫ ∞
0
dz
H(z)
χ2(z)
ni(z)nj(z)b
2
g(z)Pm[z, k`(z)] , (5.66)
CISW(`) =
∫ ∞
0
dz
H(z)
χ2(z)
[(
∂TΦ+Ψ
∂z
(z, k)
)2
P0(k)
]
k=k`(z)
. (5.67)
Analogously, the angular cross-correlation spectrum between the ISW effect and galaxies
reads
CISW-gali (`) = −
∫ ∞
0
dz
H(z)
χ2(z)
ni(z)bg(z)Tm(z)
[
∂TΦ+Ψ
∂z
(z, k)P0(k)
]
k=k`(z)
. (5.68)
The Fisher matrix for the ISW-galaxy correlation is given by (see e.g. [112, 113])
F ISW-galab = fsky
`max∑
`=`min
(2`+ 1)
∂CISW-galj (`)
∂θa
[
Covjk(`)
]−1∂CISW-galk (`)
∂θb
, (5.69)
where I use `min = 10 and `max = 300 and the covariance matrix is given by
Covjk(`) = C
ISW-gal
j (`)C
ISW-gal
k (`) + C
CMB(`)Cgaljk (`) , (5.70)
where CCMB(`) is the full CMB angular power spectrum.
5.4 Forecasts
To concentrate on the effects of modifications of gravity and to simplify the analysis I fix
the background cosmological parameters to their Planck estimated values. For w = −1
these are given by [1] h = 0.6731, h2Ωb,0 = 0.0222 and h
2Ωc,0 = 0.1197, while for w 6= −1
I choose the values of Ωb,0 and Ωc,0 so to maintain the same angular diameter distance
as in the w = −1 case [1]. The details are in the App. A.1 of [92]. In summary, the
parameters I am going to constrain are:10
θ ≡ {w , αB,0 , αM,0 , αT,0 , β2γ} . (5.71)
10In the fiducial models I and III γc vanishes when varying along βγ (since csα
1/2 = 0) and thus,
since βξ = 0 (see eqs. (5.30) and (5.31)), βγ only appears quadratically in the perturbation equations.
For the fiducial II, observables depend only mildly on γc. Thus, we chose β
2
γ rather than βγ as the
independent variable in the analysis.
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For the background, I take as fiducial evolution of the Hubble parameter the function
Hˆ(a) = H0
√
Ωm,0a−3 + 1− Ωm,0 , (Fiducial) (5.72)
which corresponds to the ΛCDM evolution, i.e. w = −1 in eq. (5.18) and a quantity
evaluated on the fiducial model is denoted by a hat. The fiducial value for two of the
parameters is zero,
αˆM,0 = αˆT,0 = 0 , (Fiducial) (5.73)
but I consider several options for the parameters βγ and αB,0: In particular, I will
distinguish three fiducial models:
I) ΛCDM: αˆB,0 = βˆγ = 0,
II) Braiding: βˆγ = 0, αˆB,0 = −0.01,
III) Interacting: αˆB,0 = 0, βˆγ = −0.03,
In Fig. 5.3 and 5.4 I show the effects of the different operators on the background
and on perturbations, for the three different fiducials. These are useful to understand
the results of the Fisher analysis. For the background, in Fig. 5.3 I show the relative
difference between Ωb,c and their respective fiducial values. For the perturbations, I
plot the quantities that are relevant for the three observables introduced in Sec. 5.3:
the effective growth rate feff (see Eqn. (5.50)), the matter transfer function, defined in
Eqn. (5.52), the transfer function for Φ + Ψ, Eqn. (5.61), and its derivative with respect
to the redshift z.
The unmarginalized errors on the parameters are summarized in Tab. 5.2 while in
Tab. 5.1 I report, for each Fisher matrix, the eigenvector associated to the maximal
eigenvalue (called here maximal eigenvector), which provides the direction maximally
constrained in parameter space, i.e. the one that minimizes the degeneracy between pa-
rameters. The two-dimensional contours are presented in Fig. 5.5, 5.5 and 5.7 for the
three fiducials11. The shaded blue regions in the plots correspond to instability regions,
where c2sα < 0
12. Let me now comment on the results for the three fiducials.
5.4.1 Fiducial I: ΛCDM
This fiducial gives the usual ΛCDM for the perturbations. In this case the generalised
Einstein equations and the modified continuity and Euler equations reduce to the stan-
dard ones. The two-dimensional contours are presented in Fig. 5.5. Let me comment
on the effects of the different functions:
11For each observable, the Fisher matrix including all the parameters is ill-conditioned and cannot be
inverted. This means that the observables do not have the constraining power to resolve the degeneracies
(see e.g. [114]). Thus, when plotting the two-dimensional contours I do not marginalise over the other
parameters but I fix them to their fiducial values.
12Here I conservatively exclude the instability region from the allowed parameter space. A more
refined treatment would require multiplying the likelihood function by a theoretical prior that excludes
the forbidden region, which is impossible to achieve with a Fisher matrix analysis (our priors cannot be
represented with an invertible matrix).
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Figure 5.3: Relative change of the baryon and CDM density fractions, with respect
to their fiducial values, as a function of the redshift z, depending on the values of the
parameters w, αB,0, αM,0, αT,0 and βγ .
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Figure 5.4: Modifications of the evolution of perturbations from their fiducial values,
as a function of redshift, for the different parameters w, αB,0, αM,0, αT,0 and βγ .
From top to bottom, relative variation of the effective growth factor feff , eq. (5.50),
the matter transfer function Tm, eq. (5.52), the Weyl potential transfer function TΦ+Ψ,
eq. (5.61) and its derivative with respect to redshift, ∂zTΦ+Ψ, for the three different
fiducial models (respectively I, II and III, from left to right). As ∂zTΦ+Ψ vanishes in
matter domination, we have normalized it to its value at z = 0 instead of its value as
a function of the redshift.
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Figure 5.5: Two-dimensional 68% CL contours for the fiducial model I (ΛCDM
model), obtained by fixing all the other parameters to their fiducial values. The pa-
rameter αT,0 is absent for ΛCDM, as it is unconstrained on this fiducial model. Shaded
blue regions correspond to theoretically forbidden parameter space where c2sα < 0.
Note that the axis range is different for different parameter planes.
• The parameter w mainly affects the background. In particular, it changes the
function H(z), thus also the evolution of the baryons and CDM energy densities,
ρb and ρc (thus also Ωb and Ωc). Since on this fiducial βγ vanishes, the changes in
Ωb and Ωc are the same. This can be seen in the upper panels of Fig. 5.3.
• The parameter αT,0 is unconstrained in this fiducial model, as when we vary it
fixing all the other on the fiducial it disappears from the equations. Indeed, when
w = −1 and βγ = 0, one finds that µΦ = 1 + αT + β2ξ , µΨ + µΦ = 2 + αT + β2ξ .
Moreover, we have c2sα = −2ξ. From the definition in Eqn. (5.28) it follows that
β2ξ = −αT, and any dependence on αT disappears.
• Switching on αB gives µΦ = 1 + 2α2B/(c2sα), µΦ + µΨ = 2 + 4α2B/(c2sα), with
c2sα = −(2 + 3Ωm)αB − 2α2B. For small αB, this can be approximated as
µΦ ' 1− 2
2 + 3Ωm
αB , µΦ + µΨ ' 2− 4
2 + 3Ωm
αB . (5.74)
This shows that the effect of αB is larger when Ωm decreases, in agreement with
the plots in Fig. 5.4.
• The parameter αM affects both the background and the perturbations. At the
background level, it does not change the evolution of ρb and ρc, but it changes Ωb
and Ωc, according to equations (5.15)-(5.16). This can be seen in Fig. 5.3. As in
the case of w, Ωb and Ωc are affected the same way since on the fiducial βγ = 0.
Phenomenology of Interacting Dark Energy 59
For perturbations, changing only αM from the fiducial gives µΦ = 1 + αM and
µΦ + µΨ = 2 + αM.
Note that the effect of αM is approximately equal in magnitude and opposite in sign to
the one of αB, Eqn. (5.74), as it can also be seen in Fig. 5.4. In the αB,0–αM,0 panel of
Fig. 5.5 for galaxy clustering, one can see a degeneracy that is qualitatively explained
by this result. A similar argument does not hold for weak lensing. In this case, a non
vanishing αM also changes the background, and this effects has a non negligible impact
on the transfer function TΦ+Ψ.
Finally, a large region of the observationally constrained parameter space is forbidden
by the stability requirements. This shows the importance of the analysis of stability
conditions presented in Chapter 4.
5.4.2 Fiducial II: Braiding
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Figure 5.6: Two-dimensional 68% CL contours for the fiducial model II (braiding
model with αB,0 = −0.01), obtained by fixing all the other parameters to their fiducial
values. Shaded blue regions correspond to theoretically forbidden parameter space
where c2sα < 0. Note that the axis range is different for different parameter planes.
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This fiducial corresponds to a mixing between the dark energy and gravity kinetic terms
at the level of the perturbations. The two-dimensional contours are presented in Fig. 5.6.
The allowed parameter space is larger than in the previous fiducial because for αB,0 6=
0 the null energy condition can be violated without instabilities [44]. Let me again
comment on some effects and degeneracies.
• The effect of w and αM on the background is the same as for ΛCDM.
• αT,0 has how to be included in the analysis. In particular, the plane αB,0–αT,0 in
Fig. 5.7 has the same background evolution as ΛCDM. Therefore, all the effects
are controlled by µΦ and µΦ + µΨ. This allows to explain some degeneracies
analytically. For small αB,0 and αT,0 one finds
µΦ ' 1+3αB,0 (Ωm − 1) (2αB,0 + (2− 3Ωm)αT,0)
αB,0 (6Ωm + 4) + 4αT,0
' (1−Ωm) (0.54αT,0 − 0.6∆αB,0) ,
(5.75)
where in the last equality I expanded at linear order for small 1 − Ωm and used
αB,0 = −0.01 + ∆αB,0. This explains the degeneracy between ∆αB,0 and αT,0
observed in the growth. By the same procedure one finds µΦ + µΨ ' (1 −
Ωm) (0.18αT,0 − 1.2∆αB,0), which explains why ∆αB,0 is more constrained than
αT,0 by lensing observations.
• For the αB,0-αM,0 plane, the situation is similar to the one of ΛCDM. The two
functions have effects opposite in sign and of the same magnitude. This explains
the degeneracy in the growth of structures, while for weak lensing background
effects are more relevant.
5.4.3 Fiducial III: Interacting
In this fiducial, a non vanishing interaction between dark energy and CDM is present,
which is active for perturbations but does not affect the background because csα
1/2 =
0, and thus γc = 0. The two-dimensional contours are presented in Fig. 5.7. The
constraints for this fiducial model are generally stronger than those for models I and
II. This is due to the enhancement of the effects on the observables, caused by the
nonminimal coupling. In this case, the term βξβγ in eqs. (5.30) and (5.31) encodes the
new effects that arise when both modifications of gravity and nonminimal couplings
are considered. These effects explain the qualitative difference, in the size and shape,
between the contours of fiducial III and those of the other two fiducial models. Not only
are the constraints tighter by an order of magnitude in this case, but also the maximal
eigenvectors of the Fisher matrices point in different directions, see Tab. 5.1.
An analytical understanding of the degeneracies is complicated by the fact that the
background evolution of the CDM density contrast Ωc is changed by a change in any of
the parameters. For w and αM, the effect is amplified with respect to the other fiducials.
Moreover, in this case, a non vanishing coupling γc is present even when αT or αB are
nonzero, since since both βγ 6= 0 and c2sα 6= 0.
One can try to partially understand analytically some noticeable degeneracies:
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Figure 5.7: Two-dimensional 68% CL contours for the fiducial model III (interacting
model with βˆγ = −0.03), obtained by fixing all the other parameters to their fiducial
values. Shaded blue regions correspond to theoretically forbidden parameter space
where c2sα < 0. Note that the axis range is different for different parameter planes.
• When αT,0 and αM,0 are switched on, we have
µΦ = αM −
√
αM − αT βγωcbc , µΦ + µΨ = 2 + αM −
√
αM − αT βγbcωc . (5.76)
Still, this does not completely explain the degeneracy since in this case the back-
ground is changed also for a non vanishing αT.
• Another strong degeneracy is present between w and the parameters−αT,0 or αM,0.
This can be partially understood from the fact that w appears in the combination
c2sα ' 3(1+w)(1−Ωm)−2(αM−αT) ' 3(1−Ωm) (1 + w − αM,0 + αT,0) , (5.77)
where I used η ' −w(1 − Ωm) in eq. (5.36) for the first equality and Ωm,0 ' 1/3
in the last one.
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Obs. Fiducial I Fiducial II Fiducial III
GC (0.012,−0.007, 0.005, 0, 1) (0.022,−0.013, 0.007, 0.01, 1) (−0.626, 0.348,−0.629, 0.64, 1)
WL (−0.345,−0.115,−0.007, 0, 1) (−0.463,−0.136,−0.001, 0.004, 1) (1,−0.074, 0.910,−0.914,−0.293)
ISW-g (0.053, 0.7, 0.154, 0, 1) (0.856, 1, 0.117, 0.063,−0.609) (−0.997,−0.138,−0.989, 1,−0.068)
Comb. (−0.008,−0.012, 0.005, 0, 1) (−0.055,−0.034, 0.006, 0.009, 1) (1,−0.285, 0.953,−0.964,−0.867)
Table 5.1: First eigenvector of the Fisher matrices, for the basis
{w,αB,0, αM,0, αT,0, β2γ}, with the maximum eigenvalue, corresponding to the
combinations of parameters that are maximally constrained by experiments. The co-
efficients are normalized by the maximum component and rounded to three significant
digits.
Fid. Obs. 103 × σ(1 + w) 103 × σ(αB,0) 103 × σ(αM,0) 103 × σ(αT,0) 104 × σ(β2γ)
I GC 7.0 18.6 24.5 – 1.4
WL 1.6 4.3 42.1 – 5.7
ISW-g 15.5 4.4 20.2 – 31.3
Comb 1.6 3.0 14.6 – 1.35
II GC 7.2 18.6 33.8 24.4 2.7
WL 1.4 4.4 67.4 98.9 6.4
ISW-g 5.0 4.2 24.5 43.2 56.0
Comb 1.3 3.0 19.0 20.8 2.5
III GC 0.22 0.40 0.22 0.22 1.4
WL 0.17 2.12 0.18 0.18 5.7
ISW-g 0.88 2.78 0.88 0.87 31.3
Comb 0.13 0.39 0.14 0.14 1.4
Table 5.2: 68% confidence level (CL) errors on each individual parameter, assum-
ing that the others take their fiducial values, for each fiducial model and observable:
galaxy clustering (GC), weak lensing (WL), ISW-galaxy correlation (ISW-g) and the
combination of the three (Comb).
5.4.4 Comments
For the current values of αB, αM and αT, the errors are of the order of 10
−2–10−3 for
fiducial models I and II and an order of magnitude better for the fiducial model III,
while the error on β2γ is of the order of 10
−4 for all fiducial models. For all the models,
strong degeneracies are present. While some of them can be understood analytically,
other result from a non-trivial combination of background and perturbations effects.
In general, a combination of different probes such as the three considered can help
substantially in breaking these degeneracies. One should recall also that the background
cosmological parameters should be included in the analysis as nuisance parameters. In
this case, it is important to take as well into account other cosmological data such as
the CMB, the baryon acoustic oscillations and the supernovae Type Ia13. One can
13An analysis similar to the one presented here has been extended to include these probes [115]; in
this case, the authors were also able to marginalise over the nuisance parameters. Where comparable,
their results agree with those discussed here.
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hope to reduce degeneracies going beyond the quasi-static approximation, even if in
this case, at least one more parameter, αK, must be considered in the analysis. For the
case of Horndeski theories without a nonminimal coupling, the forecasts above have been
recently extended [116] and the parameters of the effective description constrained [117].
Chapter 6
Kinetic Matter Mixing
In this chapter, I analyse the second case introduced in Chapter 3, i.e. a gravitational
sector described by a “beyond-Horndeski” theory and matter having a conformal cou-
pling that depends on the scalar field only and a disformal one that depends on the
gradient of the field as well, see Eqn. (3.9). I also assume that the WEP holds. In this
case, only one function Cm(φ) and one function Dm(φ,X) are sufficient to characterise
the matter coupling. At the linear level, according to the discussion in Chapter 3, we
then have three functions of time αC,m, αD,m and αX,m characterising the matter sector
for linear perturbations.
I also explained how the new physical effect present in these theories, Kinetic Matter
Mixing, can be interpreted either as a modification of gravity (in the Jordan frame where
αH 6= 0 and αX,m = 0), or as a particular type of disformal coupling (in a frame where
αH = 0 and αX,m 6= 0). I work in the frame where all matter species are minimally
coupled, hence I consider the former case where αX,m = 0 and all the effects of KMM
are encoded in the function αH. I consider the late universe in presence of CDM, i.e. a
non-relativistic fluid with vanishing pressure and speed of sound. On the other hand, I
generalise the study of the phenomenology in two ways with respect to Chapter 5, i.e.
showing the peculiar effects of the function αH associated to linear perturbations in this
class of theories, and using results obtained with a Boltzmann code without resorting
to the quasi-static approximation.
6.1 Analytical results
In this subsection I derive some analytical results that are useful to interpret the nu-
merical ones and the mixing of the propagating degrees of freedom. In particular, one
can consider two regimes.
• Oscillatory regime. On short scales, the gradients of the scalar field φ support
an oscillatory regime, and in presence of KMM the oscillations are also shared by
matter, even when it is made of nonrelativistic species with no pressure gradients.
To study the oscillations it is useful to consider the kinetic limit, i.e. the limit
where the spatial and time derivatives are larger than the expansion rate H. In
this case, it is possible to find a redefinition of the metric perturbations that de-
mixes the new metric variables from the scalar field pi and removes the higher
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derivative term from the gravitational action [13] (see equation 3.5 of [75]). In
the kinetic limit, the dynamics of the relevant dynamical variables, i.e. the scalar
field pi and the matter velocity potential vm is decoupled from that of the metric
potentials in the new frame and we can study them separately. Allowing for the
moment for a non-vanishing speed of sound and pressure for matter, c2m and pm
respectively, the normalised fields
pic ≡ HMα
1/2
1 + αH
pi , vc ≡
(
ρm + pm
c2m
)1/2
vm , (6.1)
have dynamics described by the Lagrangian
L = 1
2
{(
1 +
c2s
c2m
λ2
)
p˙i2c − c2s(∇pic)2 + v˙2c − c2m(∇vc)2 + 2
cs
cm
λ v˙c p˙ic
}
, (6.2)
where λ, defined in Eqn. (4.25), is the frame-independent parameter quantifying
KMM, and cs is the sound speed given in Eqn. (4.24). So, in presence of KMM,
λ 6= 0, it can be seen from the Lagrangian (6.2) that there is a kinetic coupling
between pic and vc. One can find the normal modes of the system, c3sλ/cm c2− − c2s
−c3sλ/cm c2s − c2+
pic
vc
 , (6.3)
where c2± are the eigenvalues of the system, given by the two solutions of eq. (4.23).
As I anticipated in the introduction to this Chapter, I am interested in studying
the late universe in presence of a pressureless CDM component. So, I now take
the c2m = 0 limit. Going back to standard normalisation, the eigenmodes and
respective eigenvalues of the system are
X− = vm + pi
αH
1 + αH
, c2− = c
2
m = 0 , (6.4)
X+ = pi − vm λ2 1 + αH
αH
, c2+ = c
2
s(1 + λ
2) , (6.5)
with λ2 = 3α2HΩm/(αc
2
s). While X+ displays oscillations with frequency ω =
±ic+k, the speed of the fluctuations of X− vanishes as that of matter.
• Quasi-static regime. When including the Hubble expansion, we expect the oscil-
lations of X+ to get damped [86]. In the absence of the oscillatory mode X+, the
time evolution is dominated by the Hubble friction and time derivatives are of the
order of the Hubble rate H. In this case, we can consider the short-scale limit
k  k+, where k+ denotes the sound horizon scale of the oscillating mode,
k+ ≡ aH
c+
=
aH
cs
√
1 + λ2
. (6.6)
This is the quasi-static regime (in Appendix C of [75] one can find a discussion of
how this regime is reached in the cosmological evolution.). Analogously to the case
treated in the previous chapter, this time we have a system of only four variables
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Figure 6.1: Relation between the matter and gravitational perturbations in presence
of KMM.
Φ, Ψ, δm, vm:
∇2Ψ
a2
=
3
2
H2ΩmµΨδm + λ
2
(
αB
αH
− 1
)
H
∇2vm
a2
, (6.7)
∇2Φ
a2
=
3
2
H2ΩmµΦδm + γH
∇2vm
a2
, (6.8)
δ˙m = −∇
2vm
a2
, (6.9)
v˙m = −Φ . (6.10)
The above equations are summarised in Figure 6.1. Being matter minimally cou-
pled, the energy-momentum conservation equations take the standard form, while
in the gravitational sector we see peculiar modifications in the equations that are
characterised by the presence of the laplacian of the matter velocity potential
∇2vm. The functions µΨ and µΦ in (6.7)-(6.8), analogously to Eqs. (5.26)-(5.27),
are defined as
µΨ ≡ 1
1 + αH
[
1 +
2(αB − αH)
c2sα
(
ξ − α˙H
H
)]
, (6.11)
µΦ ≡ 1
(1 + λ2)(1 + αH)2
{
c2T +
2ξ
c2sα
(
ξ − α˙H
H
)
+ aM2αH(1 + αH)[
2
aHM2c2sα
(
ξ − α˙H
H
)]·}
, (6.12)
and in Eqn. (6.8) I introduced the parameter
γ ≡ d ln
(
1 + λ2
)
d ln a
. (6.13)
Again, these equations can be combined in a single second-order differential equa-
tion for the density contrast:
δ¨m + (2 + γ)Hδ˙m =
3
2
H2ΩmµΦδm . (6.14)
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Finally, summing eqs. (6.7) and (6.8), one can obtain an equation for the Weyl
potential,
1
a2H2
∇2(Φ + Ψ) = 3
2
Ωm(µΨ + µΦ)δm +
[(
1− αB
αH
)
λ2 − γ
]
δ˙m
H
, (6.15)
where I used the continuity equation to replace the velocity vm by δ˙m.
Let me summarise the most important features of the equations in presence of
KMM comparing them to the case studied in the previous chapter:
– In absence of KMM, we recover the result of Eqn. (5.27), µΦ = 1+αT+β
2
ξ . As
already noticed in Sec. 5.1.2, this means that the exchange of the fifth force
tends to enhance gravity on small scales [74, 92]-[90, 118]. On the contrary,
in the presence of KMM µΦ − (1 + αT) can be negative, corresponding to a
repulsive scalar fifth-force, thus weakening gravity.
– The modifications of the Poisson equations for Ψ and Φ are qualitatively
different in presence of KMM, and they include contributions depending on
the laplacian of the matter velocity. In particular, the last term on the right-
hand side of the Poisson equation for Φ gives extra friction γ in Eqn. (6.14).
6.2 Observational effects
As I showed in the previous section, KMM can lead to a repulsive scalar fifth force. This
can leave peculiar signatures on structure formation with respect to the other effective
theory operators. In this Section I will show these signatures on the matter power
spectrum and on the CMB.
To go beyond the quasi-static limit, one should solve the full equations for linear per-
turbations. The minimal non-redundand set of equations is given by a second-order
differential equation for one of the gravitational potentials, e.g. Ψ, another second-order
differential equation for the scalar fluctuation pi, and the equations for matter pertur-
bations. In presence of αH, the full equations can be found in Ref. [10].
Moreover, in order to fully capture the properties of matter, CDM and baryons can
be treated as collisionless and collisional fluids respectively. To treat properly photons
and neutrinos, on the other hand, one has to resort to a phase-space description and
solve the Boltzmann transport equations. The distribution functions are expanded in
Legendre polynomials P`, where ` is the multipole. The expansion up to order ` depends
on terms of order ` + 1, so one obtains an infinite hierarchy of moment equations and
can truncate the expansion at some given order `max depending on the accuracy needed.
The system of coupled differential equations can then be solved numerically to compute
observables.
Two main Einstein-Boltzmann solvers exist for perturbations in ΛCDM. These are
CAMB [119, 120] and CLASS [121]. Recently, the interest in testing alternatives to
ΛCDM motivated to implement Boltzmann codes for scalar-tensor models. Noticeably,
these are based on an effective description of dark energy. This is another point that
shows the importance of this topic.
In particular, MGCAMB [122, 123] and EFTCAMB [124, 125] are two codes based on
CAMB, while hi class is an extension of CLASS [117, 126]. The latter uses the parame-
ters of the effective description described in this thesis (in particular, the equations are
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taken from Ref. [54]). These codes implement models within the Horndeski class. Fi-
nally, the code COOP [127, 128] (see also http://www.cita.utoronto.ca/~zqhuang/
for documentation) includes also the beyond Horndeski function αH and uses the equa-
tions given in Ref. [10].
In the rest of this Chapter, I will show results using the Boltzmann solver COOP. At
the beginning of Sec. 4 of [75] more details are given on the procedure used in the code
to solve the equations. The detailed algorithm can be found in Ref. [129].
I assume the same parametrisation as in Chapter 5, Eqn. (5.34), but focussing on the
effects of KMM only, i.e. with αB = αM = αT = 0, and
αK = αK,0
1− Ωm(t)
1− Ωm,0 , αH = αH,0
1− Ωm(t)
1− Ωm,0 . (6.16)
The background expansion history is fixed to ΛCDM, Eqn. (5.18) with w = −1, which
is the simplest assumption that one can make to focus on the effects of KMM at the
level of linear perturbations. In the following I set the current value of αK to unity,
αK,0 = 1 and I plot the effect of αH in terms of four different values of this parameter
today, i.e. αH,0 = 0.06, 0.12, 0.24 and 0.48. These values have been chosen in order to
comply with the stability conditions (4.21) and (4.26), that in this case read1:
αK ≥ 0 , 0 ≤ αH ≤ 1 + 2
3Ωm
. (6.18)
6.2.1 Matter power spectrum
The matter power spectrum is shown as a function of k in Fig. 6.2 for z = 0 (left panel)
and z = 1 (right panel). From this plot we see that increasing αH,0 suppresses the growth
of structures. On small scales we can understand the power suppression applying the
quasi-static approximation, i.e. eq. (6.14). Two effects contribute to this result: the
presence of γ, which is positive in matter domination and provides extra friction, and
µΨ which is smaller than unity, which means that the scalar force exchanged by pi in
the presence of KMM is always repulsive.
Indeed, with only nonvanishing αK and αH and for the time parametrisation chosen, γ
and µΨ are related by µΨ = 1 − γ. γ as a function of redshift is plotted in Fig. 6.3. It
starts positive and changes sign only recently. In particular, during matter domination
(i.e. Ωm ≈ 1) it behaves as
γ =
9
5
αH +O(1− Ωm)2 . (6.19)
Given that µΨ = 1 − γ, this also means that µΦ starts smaller than unity decreasing
the strength of gravity, and gets larger than one only when γ changes sign. This has the
cumulative effect of suppressing the power spectrum with respect to the ΛCDM case.
1To avoid that scalar fluctuations become superluminal in the past we must also require
αH ≤ 1
5
αK . (6.17)
Just for the purpose of illustration, in the next two subsections I ignore constraints from superluminality,
as using large values of αH allows to better visualise the effects on the observables.
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Figure 6.2: Effect of KMM on the matter power spectrum for four different values
of αH today, i.e. αH,0 = 0.06, 0.12, 0.24 and 0.48, at redshift z = 0 (left panel) and
z = 1 (right panel). The lower plots display the ratio of these power spectra with the
respective spectra for αH = 0. For comparison, the dashed and dotted lines in the
left lower panel respectively show the quasi-static approximation and the perturbative
solution (6.20).
Figure 6.3: Friction term γ given in Eqn. (6.13), as a function of redshift.
Note that the sign of αH is fixed by the stability condition, and so is the one of γ
according to Eqn. (6.19). This means that the weakening of gravity is a well defined
prediction for stable theories under the assumptions made in this section. Finally, a
comment on the quasi-static approximation is in order. On the right panel of Fig. 6.2,
I show the comparison between the quasi-static solution (dotted) and the full solution.
On the scales where the former is valid, the agreement is excellent.
On the other hand, as expected, the quasi-static approximation fails on scales that
become comparable to the sound horizon scale k+ defined in eq. (6.6). Corrections are
expected to be of the orderO(k2+/k2). Interestingly, one can still find an integral solution
for the matter density perturbation that agrees with the numerical one. This is done
by solving the Einstein and scalar field equations perturbatively in αH (while keeping
the exact dependence on αK to avoid inconsistencies [130]). In particular, deviations
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from ΛCDM arise at second-order in αH, as the backreaction effect of pi on gravity. The
detailed calculation can be found in Sec. 4.1 of [75]. At the end, one obtains a solution
for the comoving matter density contrast ∆m ≡ δm − 3Hvm:
∆m = ∆
(0)
m
[
1− 2aH2α
2
H
αK
k2
a2
(∫
dt
aH3
−H
∫
dt
aH4
)(
1− H
a
∫
adt
)−1
+O(α3H)
]
.
(6.20)
Notice that this solution breaks down on small scales because the quasi-static limit
assumes αH 6= 0.
On very large scales, i.e. for
k . k∗ ≡
√
αK√
2αH
a
H
(
1− H
a
∫
adt
)1/2(
a
∫
dt
aH3
−Ha
∫
dt
aH4
)−1/2
'
√
αK,0
αH,0
× 5.4× 10−4h/Mpc ,
(6.21)
the power spectrum is unmodified by KMM, although this restricts only to the case where
the background expansion is that of ΛCDM. On intermediate scales, k∗ . k . k+, the
power spectrum drops as k2 due to the second term on the right-hand side of eq. (6.20).
The perturbative solution (6.20) is shown in the left panel of Fig. 6.2.
6.2.2 Cosmic Microwave Background
The effects on the CMB lensing potential are shown in the left panels of Fig. 6.4, while
those on the angular power spectrum of the CMB anisotropies in the right panels.
In presence of KMM, the CMB lensing potential is suppressed. In the previous Chapter,
I showed that lensing effects are sensitive to the combination µΦ + µΨ. In particular,
the CMB lensing potential is defined as [131]
φ(nˆ) = −
∫ z∗
0
dz
H(z)
χ(z∗)− χ(z)
χ(z∗)χ(z)
[
Φ(χnˆ, z) + Ψ(χnˆ, z)
]
, (6.22)
where χ ≡ ∫ z0 dz/H(z) is the comoving distance and z∗ denotes the redshift of last
scattering.
As I discussed in the previous Chapter, lensing effect are thus sensitive to the Weyl
potential Φ+Ψ. We can understand the effect in the quasi-static approximation. Indeed,
the bulk of the CMB lensing kernel is at 0.5 . z . 6 [131], where deviations from this
approximation are below ∼ 5% for the values of αH,0 that I considered.
When KMM is present, we see from Eqn. (6.15) that the combination µΦ +µΨ does not
fully encode deviations from GR, because of the presence of the terms proportional to
δ˙m on the right-hand side of this equation. One can define the quantity [74]
µWL ≡ 2∇
2(Φ + Ψ)
3a2H2Ωmδm
, (6.23)
that can be used in general to characterise the deviations in weak lensing observables
from the ΛCDM case. When KMM is absent, µWL = µΦ + µΨ. In presence of KMM,
this definition cannot be directly applied to eq. (6.15), because of the presence of the
terms proportional to δ˙m on the right-hand side of this equation. We can still simplify
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Figure 6.4: Effect of KMM (αH) on the CMB lensing potential (left panel) and on
the CMB anisotropies (right panel) angular power spectra. The lower plots display the
ratio of these angular spectra with the respective spectra for αH = 0.
the discussion replacing δ˙m by its expression in matter domination, δ˙m ' Hδm. Setting
αB = αM = αT = 0 and employing the approximation above in eq. (6.15), the effect of
αH in weak lensing observables can be rewritten as
µWL − 2 = αH 8− 9Ωm(1 + Ωm)
2 + 3(1− αH)Ωm . (6.24)
One can verify that this quantity is negative for z & 0.5, i.e. inside the bulk of the
CMB lensing kernel. Therefore, the lensing potential is suppressed by the modification
of gravity induced by αH. For small ΩDE, in matter domination this suppression is
roughly proportional to αH.
As for the CMB anisotropies, at large `, we don’t see any signature because they are
generated at recombination,2 when αH vanishes. The only visible effect is an oscillating
pattern observed at high l, due to the change in the CMB lensing. Indeed, lensing
smears the CMB acoustic peaks; for larger values of αH,0 the smearing is suppressed
and CMB peaks enhanced.
At low l, the deviations from the ΛCDM case are dominated by the ISW effect, which
is enhanced by KMM. For these multipoles, the deviations from the ΛCDM case are
dominated by the ISW effect, introduced in Eqn. (5.64). Again, we can understand the
effect by using the quasi static limit. Taking the derivative of eq. (6.24) with respect to
the e-foldings, one obtains the following relation:
d ln(Φ + Ψ)
d ln a
∣∣∣∣
QS
= fQS − 1 + d lnµWL
d ln a
, (6.25)
2Because of this, polarisation is also unaffected.
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where
fQS ≡ d ln δm
d ln a
∣∣∣∣
QS
, (6.26)
is the growth rate computed using the quasi-static approximation. In ΛCDM, µWL = 2
and the time variation of Φ + Ψ is given by the first two terms on the right-hand side,
i.e. the deviation of the matter growth rate from unity, which is negative. When gravity
is modified, the last term on the right-hand side does not vanish. In the case of KMM, it
contributes with the same sign as the first term, enhancing the ISW effect. For example,
assuming matter domination and expanding in αH one finds
d lnµWL
d ln a
= −3αH +O(Ω2DE) , (6.27)
which explains the enhancement in the ISW effect observed in the right panel of Fig. (6.4),
roughly proportional to αH.
6.2.3 Growth rate of matter
In order to illustrate the effect of KMM on the growth rate, in the left panel of Fig. 6.5
I plot the combination fσ8 — where f ≡ d ln δm/d ln a is the growth factor and σ8 is
defined as the rms of the fractional density fluctuation in a sphere of 8h−1Mpc— as a
function of redshift for different values of αH,0. In the right panel of the same figure, I
plot σ8 at redshift z = 0 for different values of αH,0 and show this relation together with
a set of large scale structure (weak lensing and cluster counts) measurements. σ8 scales
linearly with αH,0,
σ8 ' (0.84− 0.18αH,0) · As
2.2× 10−9 , (6.28)
where As is the amplitude of scalar primordial fluctuations as measured by Planck.
The figure shows that there is some tension between weak lensing and cluster counts
measurements and the Planck best-fit ΛCDM model, which corresponds to the αH,0=0
line, and it seems to suggest that a value αH,0 ∼ few×0.1 would provide the suppression
needed to alleviate this tension.
Let me make some remarks about the above results, in particular concerning the sup-
pression of power in presence of KMM. Recently, some tension has been found between
the value of σ8 inferred from the CMB anisotropies [1, 144], and the one measured with
the large scale structures at low redshift (in weak lensing [140–142, 145, 146] and cluster
counts [138, 139, 147]). A similar tension is reflected in redshift space distortion mea-
surements [148] for the combination of fσ8 (see the left panel of Fig. 6.5) which seem to
be lower than the one predicted by the Planck best-fit model. In light of these tensions,
it is indeed interesting that the effect of KMM points in the direction of weakening grav-
ity. Of course, one cannot claim those tensions to be highly significative at the current
state of the art, and it must be kept in mind that the amount of tension can depend on
aspects related to data analysis, such as the modelling of non-linear scales and of the
galaxy bias or other systematic effects.
As for the effects of KMM presented here, notice that the constraints on σ8 reported
from the respective articles have been extracted from data assuming standard gravity,
3When possible, I plotted conditional constraints assuming a ΛCDM background cosmology with
Planck 2015 parameters. In particular, the WiggleZ constraints were taken from Fig. 16 of [1].
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Figure 6.5: Left: the quantity fσ8 as a function of redshift for different values of
αH,0. The plot also shows the measurements of fσ8 and their respective 1-σ errors
from several redshift surveys: 6dF GRS [132], SDSS DR7 MGS [133], GAMA[134],
SDSS DR12 LRG [135], WiggleZ [136] and VIPERS [137].3
Right: relation between αH,0 and the corresponding σ8 at redshift z = 0, respectively
in the top and bottom x-axes. The αH,0 = 0 line corresponds to ΛCDM and the region
αH,0 < 0 is shaded because it is out of the stability window. The plot also shows
the measurements of σ8 and their respective 1-σ errors from several collaborations. In
particular, the constraints based on cluster counts (red dashed lines) are from Planck
2013 [138] and SPT 2016 [139]. The constraints based on weak lensing observations
(blue solid lines) are from several analysis of the CFHTLens, by Kilbinger et al. 2013
[140], Ko¨hlinger et al. 2015 [141] and Hildebrandt et al. 2016 [142], and from the cosmic
shear study of DES 2015 [143].
hence we cannot infer from Fig. 6.5 a “best-fit value” for αH,0. Moreover, as pointed out
above, a large αH,0 could lead to a too large ISW effect, even if this could be compensated
by a variation in other parameters. The message is that one can draw conclusions only
after a global fit to data. One should also keep in mind that possibilities different from
modification of gravity of the scalar-tensor type can be put forward, see Sec. 4.3 of [75]
for a discussion.
For what concerns the class of theories considered in this thesis, there are anyway some
interesting remarks to make. For theories within the Horndeski class with the same
expansion history as ΛCDM, one can obtain a suppression of the growth rate around
redshift 0.5 . z . 1 in self-accelerating models [88, 149]. This is due to the fact that
Ωm on the right-hand side of Eqn. (6.14), contains the time-dependent effective Planck
mass M2 at the denominator. The enhancement of the latter due to self-acceleration
lowers Ωm with respect to the standard ΛCDM case at intermediate redshifts. The
scalar fifth-force on the other hand remains attractive, µΦ > 1, but this effect can be
subdominant with respect to the suppression due to self-acceleration.
On the contrary, the effect of KMM stands out as the unique leading to a repulsive force
mediated by pi: in this case, Ωm remains the standard one, but µΦ < 1, which can be
considered the distinct signature of KMM for this class of models.
Conclusions
This thesis contains results of my work on the so-called “Effective Theory of Dark En-
ergy”. As I explained, this approach allows to describe linear perturbations around a
flat FLRW background in scalar-tensor theories of gravity. Deviations from the cos-
mological standard model, ΛCDM, are encoded in a few functions of time only. This
approach is based on the symmetries of a homogeneous and isotropic FLRW universe
and for this reason it is very general. One can map any model formulated in terms
of a covariant Lagrangian to this description. However, the most useful feature of an
effective approach is that it can be used independently of any fundamental theory to
gain information about deviations from ΛCDM. I adopted this second strategy in the
second part of the thesis, Chapters 5-6, where I studied some phenomenological aspects
resorting to a parametrisation of the free functions of the effective theory.
Adopting this strategy, in principle one could start directly from the effective theory for
linear perturbations. Of course, a fully nonlinear formulation of modifications of GR is
important for different reasons in phenomenology. The most important one is that it
allows to describe physics also at scales where the linear approximation breaks down. In
this work I did not study nonlinear aspects, but I showed that there is at least a second
reason why having a fully nonlinear understanding of the theory can be very important
even for the phenomenology at the linear level. This reason is related to degeneracy,
introduced in Chapter 1. The full degeneracy conditions CI (4.29)-CII (4.30) that one
has to impose on DHOST Lagrangians at the linear level to get a healthy theory are
obtained from a covariant, nonlinear analysis. If we restricted to linear perturbations in
unitary gauge, we would conclude that the condition CU (4.31) is enough to avoid the
presence of an additional degree of freedom. This results into a complicated dispertion
relation for the propagating mode, where ω(k) is a ratio of polynomials in k2. Even if
imposing that this dispertion relation takes its standard form ω = csk we recover the
full degeneracy conditions, in principle one has no reason to do so. Thus, if we had to
constrain the free functions basing on a linear analysis in unitary gauge, imposing only
the condition CU, we could in principle explore regions of the parameter space that are
actually excluded by the full set of degeneracy conditions.
So, to give a more complete understanding I chose to dedicate the first chapter to
the nonlinear, covariant formulation of the most general class of scalar-tensor theories
currently known, called DHOST or EST theories. First of all their study addresses a
very interesting field theoretical question: is it possible, and under which conditions, to
introduce higher-order derivatives in a Lagrangian without introducing also additional
propagating modes? As I explained, the answer is not trivial and for long time having
second order dynamics was considered a necessary condition to get a healthy theory.
Besides this aspect, DHOST/EST theories can prove very interesting candidates to test
against ΛCDM. This is the main reason why I studied them. Indeed, when they were
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discovered, we realised that the introduction of operators built with time derivatives
of the lapse function in the Effective Theory of Dark Energy naturally describes all
DHOST theories. This leads to extend the effective description with respect to its
original formulation that covers Horndeski models, and its earlier extension to “beyond
Horndeski” theories.
In Chapter 2 I gave an introduction to the Effective Theory of Dark Energy. I chose to
include directly the results of my work rather than proceeding in chronological order. In
particular, the effective description was originally developed for Horndeski theories (1.1)
with minimally and universally coupled matter fields. In this case, four functions of time
(αM, αT, αB, αK) are enough to describe linear perturbations. One additional function
αH has to be introduced for the theories “beyond Horndeski”(1.11)-(1.12). The study
of DHOST theories is part of my contribution. In this case, four additional functions
have to be introduced. We called them αL, β1, β2, β3. However, these are not indepen-
dent but subject to three degeneracy conditions that leave only one of them free. All
the functions of the effective description can be given a physical interpretation that I
summarised in Sec. 2.4.
A second aspect I studied in detail in my work is the coupling to matter. This was
the object of Chapter 3. When a minimal coupling is adopted, our description of the
physics in different frames can be very different. One can be more general and couple
matter to a metric which is conformally and disformally related to the gravitational one.
This gives equivalent frames and the fact that the structure of the theory is preserved
by the aforementioned transformations reduces the number of free functions. The ef-
fective description can be further generalised to include the possibility that different
species couple differently to the gravitational sector. This allows to study violations
of the Weak Equivalence Principle. In the most general case, the conformal/disformal
coupling is characterised, at linear level, by four functions of time for each species, αC,I ,
αD,I , αX,I , αY,I , introduced in Eqn. (3.14).
The coupling to matter is also relevant for the viability of the theory and for the pos-
sible mixing between matter and the scalar perturbations. In Horndeski theories, the
two are decoupled and propagate with their respective speeds of sound, as I discussed
in Sec. 4.4. In theories beyond Horndeski, the propagating modes are on the contrary
mixed states of matter and the scalar, see Sec. 4.5. I showed that the mixing can be
quantified in a frame-independend way. For theories beyond Horndeski, it can be seen
either as a modification of gravity due to the operator αH or as an X-dependent disfor-
mal coupling to matter quantified by the function αX,m. Similar considerations can be
made for DHOST theories satisfying the degeneracy conditions CI.
Theories satisfying the degeneracy conditions CII can be instead ruled out from an anal-
ysis of linear stability in both the tensorial and scalar sector. In this case, I showed in
Sec. 4.6.2 that a gradient instability necessarily arises in one of the two sectors, which
makes these theories phenomenologically unviable. Moreover, these theories fail in re-
covering a Poisson equation on a Minkowski background at linear level, as I showed in
Sec. 4.6.3.
Let me point out here that the above results are an example of the “effectiveness” of
the effective description. Among DHOST theories, there exist seven classes of purely
quadratic theories, nine of purely cubic, and 25 combinations of quadratic and cubic.
These all reduce to just two classes at linear level, among which one could be ruled out
by stability, and the other is equivalent to Horndeski+beyond Horndeski theories with
matter conformally and disformally coupled. These results thus remarkably reduce the
class of allowed theories and simplify the study of their phenomenology.
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Phenomenological aspects were the subject of the second part of the thesis. I believe
this is the side where most progress has been made by the community since the begin-
ning of my PhD, and where many questions are still open. Given the expectations that
we have to get constraints on cosmological perturbations from next generation surveys,
a general and natural question to ask is what their constraining power will be on the
effective description. First, this requires to solve the evolution equations. To this ex-
tent, an intense activity led to the development of three Boltzmann codes that use the
effective description introduced in this work [117, 124–128]. Their exploitation is only
at the beginning and even some cases treated in this thesis are not yet included. One
example is interacting dark energy treated in Chapter 5. The forecasts presented there
were obtained resorting to the quasi-static limit, where a full Boltzmann code is not
needed to solve the equations. Even this way, we were able to get interesting results. In
general, we could be able to get constraints on deviations from ΛCDM at the 10−2−10−3
level. The combination of different probes can constrain different combinations of the
parameters and it is thus very important in order to achieve this precision. In Chapter 6
I studied a case where the equations are solved employing the Boltzmann code COOP.
This captures the effects of modifications of gravity at all linear scales. It also allows to
verify numerically the consistency of the quasi static approximation. Besides this, this
code is the only one publicly available that includes effects of the operator αH charac-
terising theories beyond Horndeski. In its presence, differently from the Horndeski case,
the extra force mediated by the scalar field can be repulsive when stability conditions
are imposed. It is also interesting that this effect goes in the direction of alleviating the
tensions between different measurements of the amplitude of fluctuations, σ8.
The message is that the Effective Theory of Dark Energy presented in this thesis is a
very useful and flexible tool to constrain deviations from ΛCDM for different reasons,
and it opens different directions to follow. Not only it is very general and covers the
most studied scalar-tensor theories, from the oldest ones to their most recent generali-
sations. Different couplings with matter can also be included in the description. It also
provides a general insight on the phenomenological aspects of entire classes of theories,
capturing their common features at the level of linear perturbations. I already recalled
the dramatic reduction that happens in DHOST theories. Another example is the result
that all Horndeski theories give an attractive fifth force in contrast to their extensions
beyond Horndeski. This last case is also an example of a potentially phenomenologically
relevant aspect discovered via the effective description. Finally, the equations can be
implemented once and for all in numerical codes.
Let me spend a few more word on this point. As I underlined several times, the price to
pay to have a model-independent effective description is that the free functions have to
be given a time dependence in order to solve the equations. This means that we have
to parametrise them if we don’t want to commit to any specific model. In this work, I
used a parametrisation where the free functions are proportional to the fractional en-
ergy density of dark energy ΩDE(t). This derives from the assumption of associating
the onset of deviations from ΛCDM at the level of perturbations with the beginning of
the dark energy dominated phase on the background. Indeed, our initial goal was to get
general indications on the possibility to constrain the free functions and to understand
degeneracies, and this simple parametrisation allows to do that. On the other hand, one
can wonder if this approach actually captures accurately enough the time evolution of
the α and β in all the theories under consideration [150]. Put at the level of comparison
with data, we should ask how much the constraints would change under a change in the
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time evolution of these functions. Some recent studies indicate that the impact can be
non negligible [116]. This remains a very interesting direction to follow.
Let me conclude by saying that constraining deviations from ΛCDM with the Effective
Theory of Dark Energy is a program to which the community has started to dedicate
increasing attention. The Planck collaboration included in the analysis the parametri-
sation described in this thesis [71]. Besides the results presented here, a considerable
amount of work has been spent to investigate the constraining power of future surveys
using different parameterisations [88, 115, 116, 151]. Constraints in the case of Horndeski
theories using complementary datasets were studied in [117] and extended to include
neutrinos [152]. Another open direction is the impact of stability conditions. I showed
that they can reduce substantially the parameter space allowed. Several works have
started to address this issue at the level of comparison with data [153–155]. The fact
that complementary observations are needed to break degeneracies led also to look for
other ways to constrain the parameters. The most interesting one is the tensor speed
excess αT. Cosmic rays observations put a very stringent (10
−15) lower bound on the
propagation speed of gravitons [156]. At lower energies, an order ∼ 1% constraint come
from binary pulsar orbital periods [89], while the arrival timing of GW150914 [157] be-
tween the two LIGO detectors set an upper bound, cT < 1.7c [158]. Ref. [159] discusses
current and future bounds.
The above discussion indicates that several interesting directions are open. In particular,
I believe that the impact of the parametrisation of the free functions on constraints is
a question that should be answered. The available codes allow to study modifications
of gravity numerically, and several operators introduced in this work can still be added
to them, such as the beyond Horndeski function αH and the conformal and disformal
couplings to matter. With the advent of next generation surveys, our forecasts will
be translated in actual constraints that will improve those we already have. This will
enable us to test General Relativity on cosmological scales at unprecedented precision,
and I believe that the Effective Theory of Dark Energy presented in this work provides
a very promising tool to do so.
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